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Chapter 13
Magnetically Coupled Circuits
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Learning Objectives

By using the information and exercises in this chapter you will be

able to:

1. Understand the physics behind mutually coupled circuits and
how to analyze circuits containing mutually coupled inductors.

2. Understand how energy is stored in mutually coupled circuits.

3. Understand how linear transformers work and how to analyze
circuits containing them.

4. Understand how ideal transformers work and how to analyze
circuits containing them.

5. Understand how ideal auto transformers work and know how

to analyze them when used in a variety of circuits.
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BEYOND THE LIRIT

13.1 What is a transformer? (1) )

* It Is an electrical device designed on the basis of the

- . A 1 1 <
concept of magnetic coupling (N3LFDUADNILLULKAN)

* It uses magnetically coupled coils to transfer energy from
one circuit to another

* It Is the key circuit elements for stepping up or stepping
down AC voltages or currents, impedance matching,
Isolation, etc.




13.2 Mutual Inductance (1) 4
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.

Asingle inductor, a coll with N turns. ), | W

When current i flows through the

coil, a magnetic flux ¢ is produced -

around it. Ma.gnetic ﬂux .produced by
a single coil with N turns.

. d
According to Faraday’s law, v =N 7('?

The flux ¢ Is produced by current 1 so that any change in
¢ Is caused by a change in the current I.

g di _ N9
» V= dt »L_Ndi

do di
di dt

v=N

L 1s commonly called self-inductance
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13.2 I\/IuthaIL Inductance (2) ‘

Two coils close proximity with each
other. Coll 1 has N, turns, while coil 2
has N, turns. For the sake of simplicity,
assume that the second inductor carries
no current.

N, turns N, turns

* The magnetic flux ¢, emanating from coil 1 has two components:
One component ¢4, links only coil 1, and another component ¢, links
both coils. Hence, ¢, = ¢, + ¢1>

 Although the two colls are physically separated, they are magnetically

coupled. Since th(? entire flux ¢, links coil 1, the voltage induced in
coil 1is v, = N, 1
dt

. . . . . . b~
« Only flux ¢y, links coil 2, so the voltage induced in coil 2 is v, =N, e

dt
-
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13.2 Mutual Inductance (3) _

Agalin, as the fluxes are caused by the current i, flowing in coil 1, so

I, di li : : ]
that v, = N, depy diy _ =L, — - .where L, Is the self-inductance of coil 1.
di, dt dt
I~ di li N
And v, = N, “’5_" Dy, S _ v, %912 s the mutual
di; dt dt ©di

Inductance of coil 2 wrt. coil 1.

Thus, the open-circuit mutual voltage (or induced voltage) across coil
dll
dt

2 1S Vy = le




13.2 Mutual Inductance (4) =

Ly L,
O—

&
+ 21 s

_|_

= Suppose now let current i, flow in coil 2,
vy % § 1 v, (1) =0 while coil 1 carries no current.

|

O—
N, turns N, turns

* The magnetic flux ¢, emanating from coil 2 has two components:

One component ¢,, links only coil 2, and another component ¢,, links
both coils. Hence, ¢, = ¢, + ¢

* The entire flux ¢, links coll 2, so the voltage induced in coil 2 is
dgp, . dop, féf di,

1)!_) j—

. 2 = Ny —, — =Ly ——
} © o dt “ di, dt T dt

 Since only flux ¢,, links coil 1, the voltage induced in coil 1 is,
dap,, _ N de,, di, Y, di,

! = SBTRA —_— . . -

dt & F Bial
Iy . . .
Where 1., =~ %2 is the mutual inductance of coil 1 wrt. coil 2.

(/i:

9
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13.2 Mutual Inductance (5)

* Thus, the open-circuit mutual voltage across coil 1| v,=M;, —

« My, and M,, areequal or M, =M, =M

Mutual inductance is the ability of one inductor to induce a voltage

across a neighboring inductor, measured in henrys (H).

« Mutual coupling only exists when the inductors or coils are in close

proximity, and the circuits are driven by time-varying sources.

 Recall that inductors act like short circuits to dc.

10




13.2 Mutual Inductance (6)
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* |t is the ability of one inductor to induce a voltage
across a neighboring inductor, measured in Henrys (H).

N;turns N, turns

di,

Vs :lea

depy,

Cl’l.l
mutual inductance of coil 2
with respect to coil 1

My = N,

The open-circuit mutual voltage across coil 2

Ly L
O—
* {{}-31 ¢ T
V1 g % Y Vo (* iH(t)
\\h—x Yo
_ _
N;turns N, turns
- 1,
dl My, = N, : (]5._]
V — M 2 dl2
1 12 dt mutual inductance of coil 1
with respect to coil 2

The open-circuit mutual voltage across coil 1

11
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13.2 Mutual Inductance (7)

« Although mutual inductance M is always a positive quantity, the

mutual voltage M di /At may be negative (-) or positive (+).

« The polarity of mutual voltage M di At is not easy to determine,

because four terminals are involved.

« Applying the dot convention (e) In circuit analysis, a dot is placed in

the circuit at one end of each of the two magnetically coupled coils.
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13.2 Mutual Inductance (8/1)

VA Fig.(a), the sign of the mutual voltage v, is
determined by the reference polarity for v,
(@) 'g é. and the direction of i,. Since i, enters the
dotted terminal of coil 1 and v, is positive at
the dotted terminal of coil 2, the mutual

voltage is Mdh'
J ot

m Fig.(b), the current i, enters the dotted

(b) j ’7 terminal of coil 1 and v, is negative at the

dotted terminal of coil 2. Hence, the mutual

voltage iIs - M i
J dt

13




13.2 Mutual InductanceM(8/2)
Yy

IE

Yy

'y




v
ol

]i
F

13.2 Mutual Inductance (9)

P12

P21

$ha 4

Coil 1 Coil 2

[llustration of the dot convention.

15




nnnnnnnnnnnnnn

13.2 Mutual Inductance (10) )

Dot convention for colls in series; the sign indicates the
polarity of the mutual voltage;

(a) series-aiding connection, (b) series-opposing connection.

M M
5 —- W —- — e ®
Ly L, Ly L
(+) ()
(a) (b)
L:L1+L2+2M L:L1+L2—2M

(Series-aiding connection) (Series-opposing connection)

16
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13.2 Mutual Inductance (11)

. : _ _ _ di di-
Considering Fig., applying KVVL to coil 1 gives vi=1R,+ L, _érl — Mglfi
: : _ , di, di,
For coil 2, applying KVL gives v, = i,R, + L, = + ME;

We can write Eq. above in the frequency domainas V, = (R, + joL)I, + joM]I,
V, =joMl, + (R, + joL,)l,

vy ° Time-domain analysis of a circuit
containing coupled coils.

17
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13.2 Mutual Inductance (12) )

Considering the circuit in Fig.. We analyze this in the frequency domain,
Applying KVL to coil 1 gives V = (Z, + joL)I, — joM]I,
For coil 2, KVL yields 0=—jwMl,+ (Z; + jol,)],

Equations are solved in the usual manner to determine the currents.

Vv ﬂD jooL, jool @ z, * Frequency-domain analysis of a
circuit containing coupled coils

18
-
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13.2 Mutual Inductance (13)

« Breaking the problem into steps of solving for the value and the sign into
separate steps

« Suggest that model (Figure (b)) be used when analyzing circuits containing a
mutually coupled circuit shown in Figure (a):

» Clearly, I, induces a voltage within the second colil represented by the value
jwM]l, and I, induces a voltage of jowMI, in the first coil.

M
VI jool jool o
[ ] [ ]
ﬁ) L L2@

() (b)

Model that makes analysis of mutually coupled easier to solve.
-

19
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13.2 Mutual Inductance (14) i

« Find the correct signs for the dependent sources as shown in Figure 13.8(c).

« Since I, enters L, at the dotted end, it induces a voltage in L, which means that the
source must have a plus on top and a minus on the bottom as shown in Figure (c).

* |, leaves the dotted end of L, which means that it induces a voltage in L, which
has a plus on the bottom and a minus on top as shown in Figure (c).

« Now all we have to do is to analyze a circuit with two dependent sources.

M
' jol jol
@ @
OREEE0
(a) (c)
Model that makes analysis of mutually coupled easier to solve. 50
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13.2 Mutual Inductance (15)

Ex.1 Calculate the phasor currents I, and I, in the circuit shown below.

30
—j4Q y

[
|
L]
12,/0°V f) @ /50 j6Q @ 20

(@)

Solution:

For loop 1, KVL gives Substituting this in Eq., we get

—12+ (=4 +/5L -3, =0 (R+4-3L=4-)HL=12

or or 12

i, — 3L =12 L=—==291/14.04° A
For loop 2. KVL giv T

or100p <. gIves , I, =2 —jdl, = (4.472 /—63.43°)(2.91 /14.04°)
—i31, + (12 + j6)I, = 0

or = 13.01 /-49.39° A

12 + jo)l

=240,

Jj3

21
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13.2 Mutual Inductance (16)

Ex.2 Determine the voltage V, in the circuit
Jj1Q
4 Q) m

. —

200,/45° V @ j8 Q jSQ@ 10Q V,

Answer: 20/ —135° V. 22




13.2 Mutual Inductance (17) -

Ex.3 Calculate the phasor currents I, and I, in the circuit shown below.

4Q —jﬁﬂ j8Q J8
M—| T Ar—d 3
‘ﬁy‘ , J2(1-13)
° Jj6 %
oo v(®) (1) jee s ") 50 @ @
2

2, <+>

for mesh 1 in Fig., KVL gives
—100 + I;(4 —j3 +j6) — joI, — j21, =0
100 = (4 +j3)I, —j8I,

or

for mesh 2 in Fig., KVL gives

0=-2I,—j6I, + (j6 +j8 +j2 x 2 +5)I,

0=—8I + (5 +/18)I,

Putting Egs. (13.2.1) and (13.2.2) in matrix form, we get
100]_[4+j3 —j8 Hll]

ol L =8 s5+j8llL

or

The determinants are

A=[++73 =8 230487
—j8  5+18

A =100 8 ‘:100(5 +18)
0 5+/18

A, = 443 100
—j8 0
Thus, we obtain the mesh currents as

54718) 1.8682/745°
[ =8 106 +/18) ~20.3/3.5° A
A 30 +]87 9203 710
LAy 800 800/90°
s = = =

A 30487 9203/71°

= /300

=8.693/19° A

23
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13.2 Mutual Inductance (18)

EXx.4 Determine the phasor currents circuit 1, and |, in the circuit

129

100,/60° V +) (—) \‘ j6 0 2 L 40
o

24

Answer: I, = 17.889/86.57° A, I, = 26.83/86.57° A.
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13.3 Energy In a Coupled Circuit (1)

* The coupling coefficient, k, Is a measure of the
magnetic coupling between two coils; 0<k<1.
M

i ir
—_— -—

nohSER e M =k, LL,

The circuit for deriving energy
stored in a coupled circuit.

The instantaneous energy stored in the circuit is given by

+ O
+ O

L1| F— L2|2 + Ml I,
-




13.3 Energy in a Coupled Circuit (2) B

Ex.5 Determine the coupling coefficient. Calculate the energy stored in
the coupled inductors at time t=1s iIf v=60cos(4t +30°) V.

00 25H
e

v@) 5 Hé %.4 H =

ol-

Ans: k=0.56; w(1)=20.73J 26




13.3 Energy in a Coupled Circuit (3) B

EX.6 Determine the coupling coefficient. Calculate the energy stored in
the coupled inductors at time t=1.5s
1H

P

100cos 2t V t) 2 H 1H 20

F

00l —

4Q
— A

Answer: 0.7071, 246.2 J. 27
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13.4 Linear Transformer (1)
* The transformer will be linear if the coils are wound(+«) on

a magnetically linear material—a material for which the
magnetic permeability Is constant. (Such materials include

air, plastic, Bakelite, and wood.)

* In fact, most materials are magnetically linear. Linear
transformers are sometimes called air-core transformers,

although not all of them are necessarily air-core.

* It Is generally a four-terminal device comprising two (or

more) magnetically coupled colls.




13.4 Linear Transformer (2)
M

n— Y%
[ )
v@ @ L,

Primary coil

Different types of transformers:

(a) a large substation transformer, (b) audio transformers.
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13.4 Linear Transformer (3)
* Applying KVL to the two meshes in Fig. gives

V=R, + jolL)]I; — joMI, (1)
0= —;wﬂﬂ] + {R: ‘I'J;(.!.'JLE + Z;d}I: (2)

*In (2),we express I, in terms of 1, and substitute it into (1).
We get the Input impedance as
_V_ o] o’ M?
B Zin = I] = R] ‘f‘jl’...L| + Rz +waJ n ZL

* The Input Impedance comprises 2 terms.
* The first term, (R, + joL,), Is the primary impedance.

* The second term is due to the coupling between the

primary and secondary windings. It is as though this
Impedance Is reflected to the primary. Thus, it is known as
the reflected impedance Z;, and Z, s

- Rg +jEUL3 + Z_,r_
-
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13.4 Linear Transformer (4)

* The voltage-current relationships for the primary and
secondary colls give the matrix equation

M
ly I
O O . .
oW Je s [Vll [Jle JC'-’M] [11]
L L — | ; -
Vi 1 2 Vo V, JoM  jwl, 111,
o o
Determining the equivalent circuit
of a linear transformer. - L, M .

[Il ] |JolaLy - M?)  jo(LL, — M?) [Vl ]
13 B _M L] Vj
Ljo(L\L, — M?)  jo(L,L, — M)}

31
-
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13.4 Linear Transformer (5)

Ex.7 In the circuit below, calculate the input impedance and current 1,.
Take Z,=60-j100€2, Z,=30+j40€2, and Z, =80+)60%.

j5Q

Z, YN Z,

50,/60°V (ID j20Q j40 © @ Z,

Z. =100.14/-53.1°Q; 1, =0.5/113.1°A .
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13.4 Linear Transformer (6)

Ex.8 Find the input impedance of the circuit in Fig. and the current from
the voltage source.

j30

-6 Q
40 J
m H

o 6 Q
40 /0° V J_r) 8 Q 10 Q
. j4Q
Answer: 8.58/58.05° Q, 4.662/— 58.05° A. .
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13.5 Ideal Transformer (1)

An ideal transformer is a unity-coupled, lossless transformer in which

the primary and secondary coils have infinite self-inductances.

* Let us reexamine the circuit in Fig., In the frequency

domain . . . .
oM Vi =joL]l +joMl, > I =(V, - joML,)/joL,
_<|3_ — -~ i Vg :]CEJMII +]&)L212
ER MV, joM1
wou3 Bl ow V= el + — L) 2 M= VLL (=1
_ _ 1 1
Zcircui or derivin f:nelC~> . Vv LILQVJ jCULlLEIZ LE
rsrtlz)red in ;cfou;lled cir%:uit. = V2 :]wLZIQ + Ll o Ll — —L_l Vl — HV]

where n = \/L,/L, and is called the turns ratio. As L,, L,, M — oo such
that n remains the same, the coupled coils become an 1deal transformer.

34
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13.5 Ideal Transformer (3)

* A transformer will be ideal if it has the following properties:
1. Colls have very large reactances (L, L,, M — o0).

2. Coupling coefficient is equal to unity (k = 1).

3. Primary and secondary coils are lossless (R, =0 =R,).

— 1:n —

L Ve Ny o b N 8
V2 2 V, N, , N, n

O] 3

P '
o L

Relating primary and secondary quantities V2>V]— step-up tranSformer
in an 1deal transformer.
V2<V1— step-down transformer




° AN

\ (f) Vi | | Vs Z

Y Y
A L

Relating primary and secondary quantities
in an ideal transformer.

(a)
N Vo N LN 1
e V, N, , N,
N; % | E N>
— L5 V2>V1— step-up transformer
(b) V2<V1— step-down transformer
(a) Ideal transformer, (b) circuit symbol
for an ideal transformer. 36
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13.5 Ideal Transformer (4) _

Example 4

An ideal transformer is rated at 2400/120V, 9.6 kVA, and has
50 turns on the secondary side.

Calculate:

(a) the turns ratio,

(b) the number of turns on the primary side, and

(c) the current ratings for the primary and secondary windings.

Ans:

(@) This is a step-down transformer, n=0.05
(b) N1 =1000 turns

(c) I11=4AandI2=80A
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13.6 Applications (1)

 Transformer as an Isolation Device to iIsolate ac
supply from a rectifier

Fuse  ________,

Rectifier

________

|Isolation transformer

A transformer used to 1solate
an ac supply from a rectifier.

38
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13.6 Applications (2) )

* Transformer as an Isolation Device to isolate dc
between two amplifier stages.

Amplifier J—d | || | T I Amplifier
stage 1 ac ] ¢ ! ! e Tny stage 2

Isolation transformer

39
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13.6 Applications (3)

* Transformer as a Matching Device

Z1h
1:n

Amplifier

ol || Sl Z,
circui Vo (EE:) —

n
Speaker

Using an ideal transformer to match Equivalent circuit

the speaker to the amplifier
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13.6 Applications (4)

Ex.5 Calculate the turns ratio of an ideal transformer
required to match a 1002 load to a source with
Internal impedance of 2.5kQ. Find the load voltage
when the source voltage is 30V.

Ans: n = 0.2, V. = 3V




13.6 Applications (b)

* A typical power distribution system

Neutral
Insulators
3¢
Neutral | C 345.000 V
[ [345,000 V 345,000V 'N/eutral
3¢

Step-up
transformer
3¢! 60 Hz ac Neutral == 3¢J

18,000 V 3¢ 60 Hz ac = Step-down

Generator 208V <+ |transformer




