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7.3 Unit-step Function
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7.5 Step Response of an RL Circuit (3935 RC 7ifiuviasdng)



7.1 The Source-Free RC Circuit (1)«

A first-order circult Is characterized by a first-order
differential equation. By KCL
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22 dv_ dt
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— In(v) = Y + Cont

v = E(—%+Coﬂt) = %E(_%)

« Apply Kirchhoff’s laws to purely resistive circuit results in algebraic equations.
« Apply the laws to RC and RL circuits produces differential equations.




7.1 The Source-Fre: d ireuif(2)«—\ \

* The natural response of a circuit refers to the
behavior (in terms of voltages and currents) of the
circuit itself, with no external sources of excitation.
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* The time constant t of a circuit Is the time required for
the response to decay by a factor of 1/e or 36.8% of its
Initial value.

e v decays faster for small T and slower for laroe .
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7.1 The Source-Fre

The key to working with a source-free RC circuit IS
finding: | ‘ . ‘ |

C == v R

v(t) =V, e‘”f where T=RC

1. The initial voltage v(0) = V, across the capacitor.
2. 7=RC.



7.1 The Source-Fre

Example 1

Refer to the circuit below, determine v, v,, and
|, for t > 0. Assume that v-(0) = 60 V.
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dv 4+8
i (1)=C—C =_5et/4
o()=C m

Answer: V.= 60e°23V ; v, = 20e023 V; i, = -5e0-23 A 6
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Examgle 2 The SWItCh IS opened at t =0, fmd

s v
. dndta [ L,
24V (1) GF=="v %129 %49 - 24V (¥) v §3Q
0 -
‘ﬁ’?ﬂ‘flﬂﬂ v(0)=V,=?->Vv(0) = ( )24 3V

Answer: v(t) = 82V 7




7.1 The Source-I

Example 3 Find for v (t) for t>0. Determine the time for the

capacitor voltage to decay to one-third of its value at t=0
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9/3=3=09¢"%%:t = _0.06xIn(3/9) =0.066 S

Answer: v(t) = 9e1/0-06V/: t = 0.066 s :




7.2 The Source-Fre

 Afirst-order RL circuit con5|sts of L and R (or
their equivalent)

[
E— e

O By KVL

di
L— +1IR=0
B + V ‘|‘V —O »//dt \\
L vy R Up Inductors law Ohms law
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(1) A

0.3681, |- -- ) o

0 T t
« The time constant t of a circuit Is the time required for the
response to decay by a factor of 1/e or 36.8% of its initial
value.

 |(t) decays faster for small t and slower for large t.
» The general form is very similar to a RC source-free circuit.




7.2 The Source-1 \
Comparison between RL and RC CIrCUIt

RL source-free circuit RC source-free circuit
i(t)=1, e where r=§ vt =V, e’ Where r=RC

i(r) A

0.3681,

0.368V.




7.2 The Source-Fre

The key to working with a source-free RL circuit Is
finding:

- —t/ L
I(t)=1,€ """ where T=R |[LEu R 2 v

1. The initial current 1(0) = I, through the inductor.
2. The time constant 7= L/R.
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Example 4 Assume thati (0) = 10 A. Flndl(t) and i X(t)
4

Q

fl Jr’-" 0.5 H
U.SHg §2Q <i> 3i E@Efé @<ﬁ>3;
| di,
foop 1. Ldit o= g
2 dt .
] o IDDp 2, 6!2 — 2!1 — 3!1 =0 = 3-2 — gf-l
3811 laf KVL P
I + 51'1 =0 Sincei, =i
(1) = i(0)e 2/ = 10e™ /DA, t> 0
i()=1,— ij = —1.6667¢ *Y"A, >0
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Answer: i(t)=10e"° A (t) =—-1.6667 e 2> A
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i(1) = i(0)e” @/ = 10e™ P/ A,

i (1) = % — _1.6667¢" ¥ A,

r >0
r >0
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loopl, 2% +2(1—1,)—-3v, =0

loop2, 8i,—2i+2v, =0 ,8i,+4v, =0 ,i, =—05V, =0.5i

Zﬂ+2(i—0.5i)+3i=0 = Zﬂ+4i:0 :>ﬂ+2i=0
dt dt dt

di

=20t = In(i)=-2t = i=1.e"?
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ANSVEiyy Z1262 A v (1) =—i) =122 V
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o Reg 4 2
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ANSW) 1262 A; v, () =—i() =122 v
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7.3 Unit-Step FU

* The unit step function u(t) is 0 for negatlve ‘
values of t and 1 for positive values of t.

u(r) A

0, t<0
u(t) = | —
© {L t>0

1, t>t,

0 t<t,
ut—t) = | —

0, t<—t,
u(t+t0):{
1, t>—t
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(a)

——O0 d

1. voltage source: w0 ©

o b

2. current source:

Tyu(1) (*)

(a)

——O a

o b
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7.4 The Step-RéSpénselofa RC ¢ T

* The step response of a circuit IS |ts behawor

when the excitation Is the step function,

which may be a voltage or a current source.
M_ Alnltlal condition: v(07) =v(0") =V,

=S i dv v-Vu(t)
b ¢ T «ApplyingKCL, “gfT R

(a) or ﬁ:_ \Y, —VSU(t)
R dt RC

: « Where u(t) Is the unit-step function

- dv dt t
N (O
J v, drc MO-VOlT= RCL §

(b)




7.4 The Step-Ré pdﬁn%ewf a RCCl?’

t
In(v—V )l,(t) E}

IN(t) =V, ) —In(Vy =V, ) = ———

RC
In vt -Vt
V, -V, RC
t

v(t) _Vs _ G_E
VO _Vs

t
v(t) =V, +(Vo -V, Je RC
t

V(t) = V(o) + (V(0) — v(x0) e
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7.4 The Step-Resg 4

* Integrating both sides and con3|der|ng the |n|t|al
conditions, the solution of the equation is:

A Steady-state Response Transient Response
ol (permanent part) (temporary part)

t<O0

0

Final value att —> o Initial valueatt=0  Source-free Response
>

0 t
Complete Response = Natural response  + Forced Response
(stored energy) (independent source)
(1AMA1A no source) (1AmAA  source)

Ve '* + V.@a-e?)
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7.4 The Step-Respensela Cireu ‘%

3 steps to find out the step response of an RC circulit:

1. Initial capacitor voltage v(0).
2. Final capacitor voltage v(o0) — DC voltage across C.

3. Time constant t.

V(t) = v(0) + [v(0T) = v()]e "

Note: The above method Is a short-cut method. You may
also determine the solution by setting up the circuit formula
directly using KCL, KVL , ohms law, capacitor and inductor

V1 laws. .



7.4 The Step-Ré3pénselaf.a RC Citewit\(4)

Example 7

Find v(t) for t>0 in the circuit in below. Assume the switch has
been open for a long time and is closed at t=0. Calculate v(t) at

t=0.5.

r=0
20 X 60
y

15V

| = ++

1
= 1F 75V

Answer : (1) = (5.625¢ 2 +9.375)v y 4%ki(0.p=1.44 &



7.5 The Step-reSpof sgféf a RL Circuit.

* The step response of a circuit Is its behavior when the
excitation is the step function, which may be a voltage or a

"R
A A Y A Initial current i(07)=i@") =1,
' L5 o Final inductor current
i(0) =V, /R
(a) e Time constantt = L/R
x t
® R R
B t
(1) =i () +(1 0) -1 ())e -
(b) 25




7.5 The Step-RéSpénselc

3 steps to find out the step response of an RL circuit:

1. Initial inductor current i(0) at t = 0*.
2. Final inductor current i().
3. Time constant .

1 (t) = 1(o0)+][1(0+)—1(0)] ot/

Note: The above method Is a short-cut method. You may
also determine the solution by setting up the circuit formula
directly using KCL, KVL , ohms law, capacitor and inductor

V1 laws. ”
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7.5 The Step-RéSpenselof.a RL) Cifcuit (4

Example 8

The switch 1n the circuit shown below has been closed for
a long time. Itopens att=0. Find i(t) fort > 0.

[ 15H
..‘_

4150 i (0) = (—mlioja:fm
50 _>‘Lr=0 10 Q D6A i(oo)z( 10 j6=4A
5+10

Reg =5+10=15Q ;7 :( = J:E:i

i (t) = i(0)+[i (0+)—i(0)] e =4+ (6—4)e™* =44 271

- ~10t
Answer : 1(t)=4+2e N



7.5 The Step-ReSpen

Example 9 At t=0 switch 1 is closed, :and switch 2 1s

closed 4 s later. Find i(t) for t>0. Calculate i for t=2 s

sa SIX P52 three time intervals t<0, 0<t<4,t>4
s) | t<0: i(07)=i(0")=0
Daov 20 S 0<t<di(m)=—2—4 Ryq =10Q 7= - s
10V 4+6 ! Reg 2
1 i (t) = i (o0) +[i (0) —i ()] e V" =4+(0-4)e 2 =4fl—e?)
t>4: i(@)=i@d)=4l—-e®)~4A
KCLat nodeP: 4O_V+1O_V:X—>v=@
4 2 6 11
: v 30 22 L 15
i (0)=—=">=2727TA Ry =(4//2)+6=""Q 7 =5
() 6 11 ( ) 3 Req 22

i (1) = i (00) +[i (4) =i (c0)] /7 =2.727 + (4—2.727)e 47 = 2,727 +1. 273e—14667(t ~4)
Answer : 1(2) =4ll—e™*)=3.93A,i(5) = 2.727 +1.273e *°" = 3.02A



