Engineering Math 2 (12026003)

Lecture 6 (Orthogonal Functions and Fourier Series)
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Weanguensann (Orthogonal Functions)

* wagaunielu (Inner product) vasiawas U wae V Aeawnans gnileulag

3
(u,v) = uy vy + uy,vy, + uzvy = Z U Vi
k=1

* AuduURvaINanuaYly

(u,v) = (v,u)

(ku, v) = k(u, v), \neii K feainand
iu=0,(yu) =0uazdru==0,(u,u) >0
(u+v,w) = (u,w) + (v,w)
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WINTFUAIRIN 198 Balslnuaananu
(Orthogonal Functions)

Wapaunely (inner product) vasleAdu uuwae [a, b] As
b

(0. F,) = j £, (0> () dx

d
Y 1 WV v < ¢ A ¢ o/ & Y, o
mwa@mmﬂumqnu 0 LLa’JL’JﬂLﬁaiiﬁiaﬂﬁﬂ?ju%Qﬁaﬁ JIFNRINNU

(orthogonal)

5’] (fl' fz) — O LL%%IJ'J fl J_ fZ
A9819: WaNTuRIRINNY

2

3 %

f; = x%waz f, = x° asanduuu [-1,1] wiali ?

1 0 T as
(f,f) = [ x* x> dx = le_ll =0 .. WenYuazaeaIniy
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WINTFUAIRIN 198 Balslnuaananu
(Orthogonal Functions)

|Wnvasnendua1se {Py(x), Py (%), P, (X),...}a)zgnl,%'ﬂn'j'n??amnﬁ’u Ul
423 [a,b] 01 (b, ) = fab G (X)), (x)dx = 0 lasi m # n

6 = < -4
UB3Y, ¥I9ANYIVBLIANMBS U azgauandlag [[ull = /(u. u)

uasuvasiaritu Py, Tudnasan {d, (X)) vutas [a, b] wiriu

b
oGOl = f Pn2(x)dx
'V a
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WINTFUAIRIN 198 Balslnuaananu
(Orthogonal Functions)

* AsnszaBvataynsuneaIn (orthogonal series expansion) vaswendu

f wioaunsuWiSussuvialuvas f (generalized Fourier series) winfu

(0.0)

() = ) cabn(¥)

n=0
o FCOCOdX _ (fpn)
ln* G lon* G
aanapunely dyaneal f(X) nanatdu

z : (f, ¢n)
f = o
(X) n=0 ||(|)H2(X)|| d) (X)

lag , c, =
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WINTFUAIRIN 198 Balslnuaananu
(Orthogonal Functions)

* aynsuWiSassuiinluvas f (generalized Fourier series) winfu

() = ) cabn(¥)
n=0
FGOG() = D cabn (D) = cndpy(¥)
b = b
ff(X)(I)(X)dX — Cnf(l)nz(x) — Cn”(l)nz(x)”

L0 dx (6 )
; |(|)n2(X)” (I)nz(X)”
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aunsuyises (Fourier Series)f

aunsuyises (Fourier Series) aaaandu f lutas (—p, p) \tlunsil

NTx NnTx
f(x) = — + z:(an cos— + b, sin—)

p
Tned
p
1
g = — ff(x)dx
p
—p
p
1 NTX
ap, = — Jf(x) cos —dx
D TC
—p
p
1 nTx
b, = — ff(x) sin — dx
D TC
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aunsuWises (Fourier Series)

37/2
dregne: (X)) =x4+1 —TM<x<T .
/2
TC T 0
1 1 1 -t w2 0 n/2 T«
g = — J f(x)dx = — j(x + m)dx = —(2m?) = 21
TC TC TC
—T —T
TU U
1 NTX 1
a, = — f f(x) cos—dx = — j(x + ) cosnxdx =0
T0 TC TC
—TU —TC
T TT
1 . nmx 1 _ 2
b, =— f f(x) sin—dx = — f(x + 1) sinnxdx = — (—1)2*!
TC TC TC n
—TC =L
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I~ 6

aunsunLsgs (Fourier Series)

9 Y

T T T
1 1 1
o =1 j(x+n)cosnxdx=— jncosnxdx+— jxcosnxdx
T i
—Tt —Tt —Tt

Tt
L] L] 1-[ - - -
sinnx 1 sin nx sin nx sinnx 1/ sinhnx cosnx
= +—| x — dx | = +—(x +—) =
n T n n n Tt n n
—TT
Tt TT TT
1 : 1 . 1 .
b,=— | X+ m)sinnxdx =— | wsinnxdx +— | xsinnxdx
T Tt T
—TT —TT —TT
TT
cosnx 1 COS nX COS nX
= — +—| —x + dx
n T n n
—Tt
cosnx 1 cosnx sinnx 2 _—
= — =l i +——|==-(1)
n T n n n
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aunsuWises (Fourier Serles)
f(x) = —O z (ap cos,n£(+bn smnT) =1+ Z( (—1)n+t sm—)

2 -
=m+ 2(1sinx — Esin 2X + %sin 3x — Zsin4x + )
‘ o
37/2
-l
10 wqu w2 100 waii
7r/2 70 0—7r —7r/2 O 7r/2 7
27 2 5 s
37/2 3n/2 37/2 |
T T T
w2l 1000 wati "° 5000 waii "2 10000 wai}
0 0 e T

-t -xl2 0 w2 =« = TR T 2 O | S - -7r/2 o T2 7



aunsuWises (Fourier Series)

1'% o ¢
WawasalaanaynsuNises

a NTx nTx nTx
f(x) = 70 + z:(an COST + b, sinT) =T+ Z(—( 1)n+t sm—)

1
=1T+2(1sinx—zsin2x+§sin3x—Zsm4x+ )
4 3
1nml,mu<1x—— f(x)-;1T
f() y2(1-242-2, 1 11
= 375 779 11 137

o : 1.1 1.1 1 1

Gregory—Leibniz series : == (1 —edpo e g e e )
4 3 ' 5 7 9 11 13

2
Parsevals’s identity : % 4+ ¥° (ay? + by) = i ffn f2(x)dx

] ol gn? |n?2 il
210 +4(1+ + +42+“'):T:)’—:(1+22+32+42+"')
S s i S

22 32 6
lompany
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aunsuWises (Fourier Series)

1 P
0.5 ‘
0

daaene: f(X) —{ RIS S '0'5‘ |
] - —1, —TU < X < O N w2 0 a2 »
T 0 Tt
1 1 1
g = — jf(x)dxz— j—ldx+—jldx=0
TC TC TC
—Tt —T 0
Tt 0 Tt
1 nTx 1 1
ap = — jf(x)cos—dxz— jcosnxdx+—jcosnxdx=0
TC TC TC TC
e -1 0
T 0 Tt
1 . nmx 1 _ 1 _
b, =— ff(x)sm—dx=— f—smnxdx+—fsmnxdx
Tt T T T
—T —T 0
—2(1 )—41010101010
_nT[ COoS NTt —T[( ) ;3) ;5) ;7) ;9) ;)
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aunsuWises (Fourier Series)

(00)
ag nTx I 4 19:¢ 2 _
f(x) =—+ z (a, cos—— + b, sin—) = z (— (1 — cos nm) sin nx)
2 p p nm
n=1 . . : n=1
4 (smx N sin 3x N sin 5x N sin 7x < sin 9x o)
e 1 4 5 7 9
1 1 1
0.5 1 0.5 1 0.5
0 Of 0
-0.5] 2l -0.5] 1 -0.5} o
11 2wWau | 4 Swau = 4 7 wan
-t -2 0 7/2 T -t -ml2 0 /2 T -t -wl2 0 7/2 T

1] I N s T e
0.5 1 05] 1 0.5 ]
0 10 0 |
'05 [ & 1 -05 & ‘05 P
\/V\/\AM\/\A/\} 10 watl L 100 wau ‘ 5000 wal
-1 " | | " -1 " | ﬂ | "017 byJanls’ | |Company
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aunsuWises (Fourier Series)

1'% o ¢
WawasalaanaynsuNises

ag nTx I 0§ 9:¢ — 2 _

f(x) =7+Z(an COST-an smT) = Z(E(l—cosnn) sin nx)

4 sinx sin3x sin5x sin7xn_1sin9x

_E1+3+5+7+9+"')
fgunis X = E f(x) =1
f( )=1 :_(1_1+1_1+1+...)
3 5 9

Gregory—Leibniz series: T=(1-3+3—-2+3-—+—..)

, . : ag? . 2 2 1 (T o
Parsevals s1dent1ty:7+2n=1(an + b,%) = - _fr(x)dx

1 1 1 1 T2 1 1 1 1

16
—(l+=+=+=+=+)=23—= l+=+=+—=+—=+
P e e g g = ¢ )

H H 1 O D vy P | H LY e A AW H /-
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aunsuWises (Fourier Series)

X + T, —Tn<x<O0 /2
—x4+1m 0<x<T

daaene.  f(X) = {

-t -2 0 /2 T

T[ 0 s
1 1 1
= — ff(x)dxz— j(x+n)dx+—J(—x+n)dx=n
T T T
—Tt —Tt 0

Tt

NTx 1
jf(x) cos—dx = f(x+n)cosnxdx+Ef(—x+n) cos nx dx

—Tt 0
1 1—cosnﬂ+1—cosm[ _2(1—COSH1‘[)_4101 O1 O1
m n2 n? B Ttn? _n( $7327 7’527 '72"")
TT
1 nTx _ 1 _
b, = ~ ff(x)sdex— j(x+5)smnxdx+EJ(—X+5)smnde:0

—Tt
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f(x)

3r/4
/2
/4

3n/4
7l2 ¢
7l4

AUNTUNLIYS (Fourler Series)

o - nm nt T 2(1 — cos nm)
= — E(ancos—+b sm—)——+z > COS NX)
2 p ] Tn
n=1 n=
_T[+4 cosx+c053x+c055x cos7x+cos9x+
-2 11( 1 32 52 72 92 )
o
3r/4
/2 |
2 WAV 4| 5 na
-t -ml2 /2

-t -2 0 #w/2 «

- -ml2 0 #/2 ~«
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aunsuWises (Fourier Series)

1'% = 6
wawaaa191mnaunsuﬂwas

X s T 2(1 — cos nm)
f(x) = — + z (aj cos T + b, sin—) = Z COS NX)
n=

D 2 n?
_T[+4- COSX+COS3X+COSSX+COS7 +COS9X+
-2 11( 1 32 52 72 92 )

figunus x = 0, f(x) = 0

T 0 ol = e 2 LA PR N R
— = — e —_ —_ —_ cee > — = cee
E 7 T 32 52 72 3 32 " 52 72

Parsevals’s identity : = 2”4 ¥ (a2 4+ by?) == f f2(x)dx

2702 m?

1T—+16(++++):(++++)
2 3 |96
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aunsuWises (Fourier Series)

daedne: f(x) = |sinx|, -t <x<T

05
U 0 U
1 1 | o 4 i
=~ Jf(x)dX—E f—51nxdx+gfsmxdx—E o 0 .
—Tt —T 0
Tt 0 T
1 . nTX 1 _ _ 1 _ _
b, =— ff(x)51n—dx=— j—smxsmnxdx+—jsmx sin nx dx
Tt Tt Tt Tt
—Tt —TC 0

0 m
= % j{cos(x + nx) — cos(x — nx)}dx + %J{cos(x — nx) — cos(x + nx) }dx
—TT 0

1 sin(1+4+n)x sin(1—n)x 0 1 sin(1—-n)x sin(1+n)x ™

:21'[ 1+n 1—n +2T[ 1—n 1+n 0
—TT

1 sin (1 — n)x 0 N 1 [sin (1 — n)x n_

2T 1—n o 2T 1—n 0_
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aunsuWises (Fourier Series)

daedne: f(x) = |sinx|, -t <x<T

05
TC 0 U 0
1 NnTx 1 _ 11 . r w2 0 @2 o«
ap =— | f(x) cos—dx =— | —sinxcosnxdx + — | sinxcosnxdx
TC TC TC T
—T —Tt 0

z T
; 1
= J —{sin(x + nx) + sin(x — nx)}dx + %j{sin(x + nx) + sin(x — nx)}dx
—TC 0

1 [cos(1+n)x cos(1—n)x 0 1 cos(1+n)x cos(1—n)x ™
= + —~ +
2T 1+4+n 1—n o 2T 1+n 1—n 0

1 (l—cos(14+n)mt 1—cos(l—n)m 1 (l—cos(1+n)mt 1—cos(l—n)m
21 1+n 1—n 21 1+n 1—n
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aunsuWises (Fourier Series)

1 (1—cos(1+n)m 1—cos(1—n)m 1 (1—cos(1+n)m 1-—cos(l—n)m
= + + +
2T 1+n 1—n 2T 1+n 1—n

1{1—cos(1+n)n+1—cos(1—n)n}

. 1+n 1—n

1+n 1—n

e 1{1 — {cos(m) cos(nm) — sin(m) sin(nT)} N 1 — {cos(m)cos(nm) + sin(m) sin(nn)}}
T

Tt

Tt

1 {1 + cos(nT) N 1+ cos(nn)} N {1 + cos(nn)} Z {1 -+ (—1)2}

. 1+n 1—n 1 —n? 1 —n?

I N s LT
~ m\ '3x1"7'5x3"7'7x5 '9x7""
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aunsuWises (Fourier Series)

nTx nmx. 2 o 2 1 + cos(nm)
f(x) = —+ z:(arl cos—+bn sm—) — = COS NX)

m - 1 —n?
n=1

2 4 cos2x cosd4x cosbx cos8x cos10x

T 11(3><1+5><3+7><5+9><7+11><9+

1 1¢ 1
0.5 : 0.5 1 0.5
4 wa 10 wail 00 wasil
0l o | — ‘
-t -w/l2 0 /2 T -t -w/l2 0 /2 T -t -m/2 0 72 T
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aunsuwises (Fourier Series)

0.5/

1'% o ¢
WawasalaanaunsuNises

0
-t -2 0 /2 T

£ )_2+§:2 1 + cos(nm) 2 4 c052x+cos4x+cos6x+cos8x+
YT 4 T 1 —n2 COSIlX)—T[ 1'[(3)(1 5x3 75 9x7 )
[ n=
neunue x = 0,f(x) = 0
2 4 cos2x cos4x cos6x cos8x

fm):OZE_E(le+5x3_k7x5+9x74“")

I R S S
2 \1x3 3x5 5x7 7x%9

Parsevals’s identty : ag—z + Y% (a2 +b,%) = %ffn f2(x)dx

2 _
o (omtoatomt ) =18 = (et oot )

m2¢ 12 \12x32 32x52 52x72 16 12x32 32x52 52x72
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aunsuWises (Fourier Series)

Roulvdwmsunsgd Teef f waz ' dafiesuudas (—p, p)

f 1 Y f = 1 =
9UNIUYDY 1 4LU1 (X) NINVNAIUADLUBN

f(xt)+f(x7)
2

yaliisiaillas, aunsuWisYs azgungatety =

Taedl f(xT) waz f(x7) Aedfinves f 71 X 9 nvaludne audsiv
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aunsuWises (Fourier Series)

N
0.5 ‘
natns: £(x) 1, 0<x<Tm _0_2‘ |
F1I8N. — p |
_1, _T[<X<O a2 0 w2 o«
NTX NTX 2
f(x) = — + z:(arl cos— + b, sin—) = Z(— (1 — cos nm) sin nx)
p ] nm
B 4 51nx+sm3x+sin5x+sin7x+sin9x+
; 11( 1 4 5 7 9 )
fgwnds X = 0, f(x) = _12+1 =0

4
f(O)ZOZE(O_O+O_O+O+"')
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aunsuyiseslalatinazlal
(Fourier Cosine and Sine Series)

o Heddu f Dudsidug (even) & f(—x) = f(X)
> Hedduazauuasitlowsuiuuny y vutas (—p, p)
o aftu f i Oudeidun (odd) é F(—x) = —f(X)

> anduazauuasliefisunuganiia vudas (—p, p)

y y y = x3
’ y = x2 Y :

f(=x) i i
|
x .

£x) -
X f(=x) : o

/Dreamstime.com ( 1g, LLC an Ascend Learning Company

Figure 12.3.1: Even function Figure 12.3.2: Odd function A



aynsuysesialyiuaslo
(Fourier Cosine and Sine Series)

Theorem 1231  Properties of Even/0dd Functions

(a) The product of two even functions is even.

(b) The product of two odd functions is even.

(¢) The product of an even function and an odd function is odd.
(d) The sum (difference) of two even functions is even.

(e) The sum (difference) of two odd functions is odd.

(f) | If fis even, then [*, f(x) dx = 2 [y f(x) dx.
(g)| If fis odd, then |_, f(x) dx = O.

* aynsuySesvaseidud uudas (—p, p) fe aunsulalyil (COSINe Series)

o aynsuyiSesvasileddud vudas (—p, p) Ae aunsulwnd (Sine series)
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aunsuyiseslalytinazladl
(Fourier Cosine and Sine Series)

* aynsulaleil Av

f(x) =

2
ao = J5 f(x) dx

2 (P nT
anz—j f(x) cos—xdx
PJo

p

z ap cos—x

co

f(x) =

n=1

* aynsulwil Ao

nt

b, sin—x

2 (P . nm
b, =—J f(x) sin—xdx
PJo

p

f(x) = 70 z (ap cos Y + b, sin—)

_1p
A= pf_p f(x)dx, a,

nmx

nmx

—fp f(x) cos——dx,

NTx
p

1
b, = Bf—pp f(x) si

n—dx

n1mx
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aunsuyiseslalytinazladl
(Fourier Cosine and Sine Series)

* dusraulansntungniisnuuudag (0, L) wnuinazdu (-p,p) 91

9193z dgunAnuAeIval f uutag (- L, 0) lngatrdlnatig

2 o A
MUY AINU:

azvaunsvasiledtusauunu v Tss (- L, 0) fevy
Hentuazilunandug vuyae (-1, L)
azounsmlvasilardurnuaaduia WUgs (- L, 0) Aty Hafduas
Duradtud vutae (- L L), w3e

wiua f uudae(-L,0) Tas f(x) = f(x + L)

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



aunsuWisesegau (Complex Fourier Series)

* Tumsuszgndldaruunenss nsunu f daeaynsuaiiudlusuvas
Wanduidegauazitenin wiu Tuguvasdanduandluniuiuiea

e!™ Taesi n = 0,1,2, ...

S mumuqmsuaaaamaa% (Euler’s formula)

—i
, €

el* = cosx+isinx X =cosx—1isinx

eln

X =cosnx+isinnx , e ™ = cosnx —isinnx

* walldunsalywguaynsuyisesival veglusUvesnanduidtau
w30 Tuguvasilanduandluiuuiea
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aunsuWisesegau (Complex Fourier Series)

* aunsuyiTesidedouvasieidu I gnllenuuuyae (- p, p) Wiy

Cco

f(x) = Z ., @Y

nen

p

n=—0oo

1 .
Cp =— f(x) e MM/P(x, n=0+1+2,..

124

ALY
U

2p J_

1'% a = 1Y A 6 a Y
i £ Lﬂulﬂmuammg'\wawqwgmﬁgLﬁzn, BUNIUNLIYIVIYDU
f (X) Myasiatiagias giinmanadenyalidaiia

G0 = =2+ Z(an

nmx
CoOS— + b, sin T)

Bl = %f_pp f(x)dx, a, = %f_pp f(x) cos?dx, [ %f_pp f(x) sin%dx
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aunsuWisesegau (Complex Fourier Series)

(2

nTx . nmx
(an cos— + b, sin —>
p p
einnx/p 4+ e—im'[x/p eim'[x/p _ e—im'[x/p
b )

1 . 1 .
<§ (a, —ib,)em™/P 4 5 (an +ibn)e_m“x/p>

[
N
O

=
mH
5
=)
>
S~
o
+
o

_ne—im'tx/p) — z (Cneinnx/p)

n=—0oo

1 (P .
Cp = — j f(x) e "IN™/Pdx
2p i

dg

1 1
yCn = E (an _ibn)r Con = E (an +ibn)
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aunsuWisesegau (Complex Fourier Series)

-1, —2<x<0

A9814: f(X)={ 1 0<x<?

1. Identifying p = 2 we have

1 2 . . 1 0 _ a 2 . }
e 1 / }L(ij —inmx/2 dr = 1 [[ (_1)f,—111rrx;2 dr 4 / E_—?--n-?r;l‘;ﬂ .{f:':|
J—2 J =2 J 0

l [_1 + f\i:.-ﬂ.ﬂ' 1€ —inmT l} — [—l n (_l)n. 4 (_1'}7r1 . 1] _

2nm 2n
and

Thus |
. >~ 1— (=1 .,
f (“) — Z ( ) ',\?-??-.H._']‘_I..- 2'

INT




DUNTULUALYALALLADYDIAS
(Bessel and Legendre Series)

* dmsuAtas N Wnvaswawaneity {J, (a;x)},i = 1,2,3, ...
zAsaInlaisununenduasdniln (weight function) uudag

[0, b] e @; gnilenulasiteulvvautunlusUnuusisil
AyJn(ab) + Bza]n,(ab) =0

* aunsuisesguMiUvasgninInife

(0.0)

fO) = ) ciJn(ab) =0

=1
Tne

[ (@) f () dox
Un(a:0)I2
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DUNTULUALYALALLADYDIAS

(Bessel and Legendre Series)
* 3 JUNUUVRRYNTUANAUSAY 3 NItlvasNaulvvauLun

Definition 12.6.1 Fourier-Bessel Series

The Fourier-Bessel series of a function f'defined on the interval (0, b) is given by

(i) f&) = X cidu(@x) (15)
=il
2 b

= T35 xJ,(a;x)f(x) dx, 16

C; 17'J,7+|(C¥;17).[»\ (a;x)f(x) dx (16)

where the «; are defined by J,(ab) = 0.

(i) f) = Dleid () (17)
i=1
20 -
= —— — xJ(a;x) f(x) dx, 18
< (a;b* — n* + h*)J Xa;b) J(, CoHT il

where the «; are defined by hJ,(ab) + abJ.(ab) = 0.
(iif) ) = ¢, + Sedoax) (19)

b

xJo(e;x) f(x) dx, (20)

o [ ;

n ==l ¥fdy, = %(
2 /)-,L A : b-Jy(a;b) )y
where the «; are defined by Jy(ab) = 0.

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



DUNTULUALYALALLADYDIAS
(Bessel and Legendre Series)

* AAYEDINDTUVIINYUIN P, (%) (polynomial) ¥usgnu n Tu
9 U

aNWLAINY
1
P,(x)|I* =f P, (x) dx =
* aunsuises-laadasnsvasientu fanllenuuuyae(-1, 1) Al
(00)
f(x) = z ¢, P (x) = 0
i=1

2n+1 (!
Cp = f f(x) P,(x)dx
1

2
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DUNTULUALYALALLADYDIAS
(Bessel and Legendre Series)

aynsuBes-lwalwa uazaynsuniZes- wadesnsiiivaulvdmsu
nsgunuiliaunuiuaynsunises

wakranenty waznunaaadesasiurandululuswnsy
aaumasivadia 1iu Maple uaz Mathematica

Bessel functions J_0 and ¥_0
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