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Learning Objectives

By using the information and exercises in this chapter you will be
able to:

l.

il

© N oL

Develop a better understanding of the solution of general-
second order differential equations.

Learn how to determine initial and final values.

Understand the response in source-free series RLC circuits.
Understand the response in source-tree parallel RLC circuits.
Understand the step response of series RLC circuits.
Understand the step response of parallel RLC circuits.
Understand general second-order circuits.

Understand general second-order circuits with op amps.
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Second-Order Circuits Chapter 8

.1 Examples of 2"¥ order RCL circuit
8.2 The source-free series RLC circuit
8.3 The source-free parallel RLC circuit
8.4 Step response of a series RLC circuit

ep response of a parallel RLC



.1 Second Order RLC circuits (1)

hat is a 2nd order circuit?

second-order circuit is characterized by a second-

rder differential equation. It consists of resistors and

the equivalent of two energy storage elements.

R L R, R, R

cr @iz e 1 @n ug L3 @i Fa

(a) (b) (c) (d)

ries

RLC Parallel RL T-config RC Pi-config
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8.2 Source-Free Series RLC Circuits

NELLL . » The solution of the source-free series RLC circuit
% is called as the natural response of the circuit.
@ ‘f T & » The circuit is excited by the energy initially

stored in the capacitor and inductor.

The 2" order dzi R di i
of expression dt2 Ld LC

to derive and how to solve?
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.2 Source-Free Series RLC Circuits

For Capacitor : v(0)=v(0")=v(07) =V,

For Inductor: i(0)=i(0")=i(0")=1,



L

.2 Source-Free Series RLC Circuits

0
Initial Conditions j(0)=7, v(0)= 1 Iidtz Vo
C

t
di 1

Apply KVL Ri+L—+—jidt=o
pply i’ c.

. 2. .
Rﬂ+Ld l+ ; =0

\To solve such a 2" order diff eq. We need 2 initial conditions,

such as i(0) and

A \ N

d;(f) (from v(0)& i(0) )




.2 Source-Free Series RLC Circuits

t the initial value of the derivative of i (or %) from equation

applying KVL; that is, t

R'-I-Ldi-l-1 j'dt_o
S B
—O00
di(0)
dt

Ri(0)+ L—=+(0) =0

di(0)
dt

di(0 1
O __L i, +7))
itial Conditions dt L

Rl,+L

—

Z(O):[O 8

~—~



.2 Source-Free Series RLC Circuits

rder circuits suggests that the solution is|J Oe_t /7| So, we let

et Where 4 and s must be determined
d’i Rdi i

~+ +—=0
dt- Ldt LC
AR Ae” st o 2 R 1
As?e’ + —se™ + =0 =) Ae’(s*+—s+—)=0
: L . LC ( L LC)
R 1
s+ —s+—=0
L LC

R RY 1
S T | I
oL \/(2Lj LC :



.2 Source-Free Series RLC Circuits

Sl =—Ol+\/052—a)02 Sz=—0£—\/0£2—0)02
05—i and o —;
oL ° JIC

S2+as+a)g=0

i(t) = Aje51t + A,e52t= AeS1t + BeSzt
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.2 Source-Free Series RLC Circuits

ere are 3 possible solutions for the following 2"

rder differential equation:

d*i Rdi i
+ +——=
dt* Ldt LC

=> d’i +2cx dl+a) i=0 R 1
B 5 - 0 Where o =— and = [—
dt? dt oL N T Te

General 2" order Form

The types of solutions for I depend on the relative

values of Ol and 0,
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2. o
erential equation: & 20 i=0

.2 Source-Free Series RLC Circuits

re are 3 possible solutions for the following 2"® order

dt’ dt
foa > o, over-damped case AN

: t t /
i(t)=Ae’" + Be™ where Sip=—atqa® —a,’

. If o = o, critical damped case

i(t)Z(A+Bt)€_at where §,=—«

(a)

- _—a+
If o < ®,, under-damped case **2_ "~ _
JNwo? —a?=—at jog

i(ty=e “(Acosw,t+ Bsin w,t) where ¢ =.w}-a®

(b)

\ N




.2 Source-Free Series RLC Circuits

f R = 102, L = 5H, and C = 2mF in figure below, find O, ®,, s,

s,. What type of natural response will the circuit have?

0 R 10
o = = = 1
2L 2(5)

I V, /— C
1 1
LC \5(0.002)

13



8.2 Source-Free Series RLC Circuits

EX¥ The circuit shown below has reached steady state at =0-.

[ffthe make-before-break switch moves to position b at =0,
alculate i(¢) for > 0.

di(0) 1 1
———(RI, + V) =—~(50+0) = =50
" L( 0 tV0) 1( )
5F | i(0)=1,=10A
50 LI

a= = =2.5
2L 2(1)

LC 1
wf —

a® =+3*-2.5" =1.6583
underdamped

a)d:

N

i(t)y=e ™ (Acosw,t+ Bsin w,t) = e > (10 cos(1.6583¢) —15.076 sin(1.6583 ) )4

14
Answ““f (10 cos(1.6583 1) —15.076 sin(1.6583 ) )4




.2 Source-Free Series RLC Circuits

Find l(l’) in the circuit ~f Ficiira halnar Acm ima that the

di(0) 1
cuit has reached stead ” =——(Rlo +Vo)———(9 6) =—6
40

0.02F == ¢ 6Q ,_ R __9 _
1Y B 2L 2(0.5)

20.5H \/ 1 1
= a)O = = =
[ LC  10.5(0.02)

0, =i —a® =10> —9% =4.3589

underdamped

'\>

(t)=e *(Acoswyt+Bsin w,t) = e (1cos(4.3589¢) + 0.6882 sin( 4.35891) )4

15
Answw (cos(4.35891) + 0.6882 sin(4.358917))4




ind v(t) fort > 0

.2 Source-Free Series RLC Circuits

24

24=16V i(0)=1,=0
24412

v(0) =V, —[

—VWW\

15 Q
12 Q <>~1/ 6 Q2
VWY 0 AR
=

|l L
ﬁ F__ 4

R 30

2L 2(3)

overdamped

wW(t)=Ae ™" + Be ™" = de™" + Be™"

dv 1
C—=—|-4de’" —9Be™"
0)=C G = g7 e -98e™)

-9t

Wl N

(t) = ‘ T4
l — 36

) :—a+\/a2—a)02 = —5+4/5% =37 =—1
Sy :—a—\/az—a)oz = 54523 =-9

v(0)=16 =4+ B

i(0)=0:2i7(—A—9B)—>A:—9B B=-2,4=18

16

v(t)=18e™" — 2¢7!



"3 Source-Free Parallel RLC Circuits

v

L

0
1
+ Let iO:]:—Ivtdt
®3 , 13fh, c+ == 170

/
(

—
S’

v(0) =V, , Apply KCL to the top node:

Taking the derivative with respect to r and dividing by C

The 2nd grder dv 1 dv 1

of expression a7 +RC dr +LCV=O
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3 Source-Free Parallel RLC Circuits

e are 3 possible solutions for the following 2" order

rential equation:

d*v dv 5 1 1
—+ 20—+ wyv=0 where a = —— and o, =,—
dr’ dt 2RC LC

. If o > ®,, over-damped case

v(t) = Ae +Be™  where s,=-—atad’- o,
2. If a = o, critical damped case
v(t) = (A+Bt)e ™ where 5, = -«

3. If a < ®,, under-damped case

v(t)=e “ (Acosw,t+ Bsin w,t) where S12=— aij\/a)oz — a2=—aija)d

18
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.3 Source-Free Parallel RLC Circuits

Refer to the circuit shown below. Find v(t) for t > 0.

. v(0) = 0,i(0) = 2
= 0<>,< 1 1

o = = =
+ 2RC  2(20)(0.004)

2 A D 20 Q 0HS 4mF==2v M "
e On = - = e
" YLCc \10(0.004)

overdamped
’s12a+,/a — @2 =—6.25%/6.25%— 57 =—6.25+3.75=-2.5,-10

v(t) = Ae" +Be® = de > + B v(0)=0=4+B

L 1 ; _ 251 g0 : :2:_‘4_ =
W)=Lo i Iv(t)r»z(ﬂ j( w8 Jii(0) 25100

\ 200 200
3 3
200( 10 _ 25t
Answ 3 o
e



Step-Response Series RLC Circuits

THE step response is f=0>§ o s —
ained by the sudden di o I dv
/ s @) Ve=RitL—+v ¢T? i:CE
plication of a dc source. dt

dv 2
b pf o +Ld(CE) v, =RCL e 4 4y
S d dt dt dt

The 2 order d°v Rdv v V

S

! + + =
of expression 2 Ldt LC LC

The above equation has the same form as the equation for source-free

ies RLC circuit.
same coefficients (important in determining the frequency parameters)

circuit variable in the equation.



Step-Response Series RLC Circuits

olution of the equation should have two components:

ransient response V (_) & the steady-state response V_ @
V(D) =v, (1) + vy (2)

e transient response v(7) is the same as that for source-free case

v, (t):AeSﬂ 1 BeS?! (over-damped)
v, ()=(A4+ Bt)e ™ (critically damped)
v,(H)=e ¥ (Acosw, t+ Bsin w,t) (under-damped)

teady-state response is the final value of V(f). v (#)=v(®)
dv(O)

are obtained from the initial conditions : () | 21



Step-Response Series RLC Circuits

Ex@6 Having been in position for a long time, the switch in the circuit

bglow is moved to position b at t=0. Find v(t) and v.(t) for t > 0.

1 Q s b 25H 10Q 9

__%Mr__{%r&_Jﬂw_ANW__ vm)=§@@:LN:im)=0

t=0 T T
dv(O) dv(O) 0

) j_l 15V /J-{-\ (t) 15 (O) C

Tk A
R (1 /40
T2 2(25) = N=\Tc T
' w; =5 —a’ = 243 under — damped
v(t) =v, (f)+vt(t)=15+€_2t(ACOSZ\/§t+BSiII 2\/51) v(0)=12=15+4—> A=-3

av(t) ( 2e~2 (= 30052\/_t+Bs1n2\/_t)) ( 2t(6\/§sin2\/§t+2\/§Bcos2\/§t))

dv(0)
dt

() =15 — e % (3cos(2v/3t) + V3 sin( 24/30) WV : v (1) =2+3e > sin(24/3) V7

dt

=0=6+23B—>B=—-3




Step-Response Series RLC Circuits

Find i(¢) in the circuit of Figure below.

oz L e S A iy =2 A, v(0) =20V
. L1 = ’l = — ,V =
VW li(r) | l(O) = ]O =5A ! 2 3

g EE R=12//6=4Q, o= =23 _
2L 2

Wy = ‘/% =16 = 4, critically—damped

4

v(t) = v (t)+v,(t)=10 + e (4 + Br)
w0)=20=10+A4 —> A=10

) o

i(0)=-5=— (—4(4+Bt)+B)

B=0

—4t

(©) = ¢ = & (40) = 54t
WO ==t T g T

O 23




tep-Response Parallel RLC Circuits

ep response is obtained by the

n application of a dc source. 1 <D . >Z " § 7 % e f

el .

dt R LT s VT

di di d2i L di
Ldt)+Lm+l.=I LC—+ +i=1
dt R S dt R dt

The 2dorder d*i 1 di i Vi

S

of expression dt* + RC dt - LC N LC

t has the same form as the equation for source-free parallel RLC circuit.

The same coefficients (important in determining the frequency parameters).

ent circuit variable in the equation.
24



tep-Response Parallel RLC Circuits

olution of the equation should have two components:

ransient response il(ﬁ & the steady-state response [ (7):

i(t)=1,(t)+i (1)

he transient response i, is the same as that for source-free case

; (l‘)—Aeslt +B€S2t (over-damped)
. —

: (t)—(A+Bt)e_m (critical damped)
’ —

i (H)=e “(Acosw,t+ Bsin @,t) (under-damped)

he steady-state response is the final value of i(t).i  (1)=i(x) =,

di(0)

lues of A and B are obtained from the initial conditions: i(0) , o

25



tep-Response Parallel RLC Circuits

Ex.8 Find i(t) and v(t) for t > 0 in the circuit shown below:

i
. :
10u(r) A D v ==02F %2014 R=w
S " _ —
ﬁ—O,wo—m—O.S,wo—wd

i ()y=e “(Acosw,t+ Bsin w,t)

i(t) = Acoswyt + Bsinw,t

26

10(1 — cos(0.251)) A, 50 sin(0.257) V.




tep-Response Parallel RLC Circuits

Ex.9 Find i and i fort>0

LI
du(r) A D 20 §1H 31}1

At t = 0-, 4u(t) = 0 sothat i,(0) = 0 = ix(0) (1)

Applying nodal analysis,

4 = 0.5dy/dt+1; +1, (2)
Also, 1, = [1diy/dt — 1dip/dt})/3 or 3i; = diy/dt — dip/dt (3)
Taking the derivative of (2), 0 = d?iy/dt® + 2di,/dt + 2diy/dt (4)

From (2) and (3),  dix/dt = diy/dt — 3i, = diy/dt — 3(4 —i; — 0.5di,/dt)

= diy/dt — 12 + 31, + 1.5d1,/dt



8

tep-Response Parallel RLC Circuits

Substituting this into (4),
d*i,/dt* + 7diy/dt + 6i, = 24 which gives s°+7s+6 = 0 = (s+ 1)(s + 6)
Thus, i(t) = Ig+ [Ae"+Be™], 61, = 24 or I, = 4
i1(t) = 4+ [Ae'+Be®] and i;(0) = 4+ [A + B] (5)
iy = 4—1i;—0.5diy/dt =ij(t) = 4+ -4-[Ae' +Be®] - [-Ac” - 6Be™]

= [-0.5A¢™ + 2Be®] and ix(0) = 0 = -0.5A + 2B 2 (6)

From (5) and (6), A =-32and B = -0.8

() = {4+[3.2¢"'— 08¢} A

ir(t) = [L6e" — 1.6e°'] A

A\ N
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