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Learning Objectives

By using the information and exercises in this chapter you will be

able to:

1. Understand solutions to unforced, first-order linear differential
equations.

2. Comprehend singularity equations and know their importance
in solving linear differential equations.

3. Understand the effect of unit step sources on first-order linear
differential equations.

4. Explain how dependent sources and op amps influence simple
first-order linear differential equations.

5. Use PSpice to solve simple transient circuits with an inductor

Or a capacitor.
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First-Order Circuits

7.1 The Source-Free RC Circuit (2995 RC fikifiuvasdng)
7.2 The Source-Free RL Circuit (29395 RL 17i1ajﬁLL1/i§iﬁai'lﬂ)
7.3 Singularity Functions (Switching Functions)

7.4 Step Response of an RC Circuit (2933 RC Afiuvasane)

.5 Step Response of an RL Circuit (2935 RC Afiuvasang)



7.1 The Source-Free RC Circuit (1)

A first-order circuit is characterized by a first-order

differential equation. ,
By taking KCL at top node

O . . YV dV
R dt
€ v R -7 pat
Ohms law Capacitor law
dv dt
T v  RC
In(v) = ——+ Cont

177 = E(_R_tf-l-r:ﬂnt) — ],{je(_%)

Apply Kirchhoff’s laws to purely resistive circuit results in algebraic equations.

Apply the laws to RC and RL circuits produces differential equations.



7.1 The Source-Free RC Circuit (2)

The natural response of a circuit refers to the behavior
(in terms of voltages and currents) of the circuit itself,

with no external sources of excitation.

v —t/7
— — e
V

e V 0 l

r=2 Decays more slowly

0.368V,

« The time constant T of a circuit is the time required for the

response to decay by a factor of 1/e or 36.8% of its initial value.

® V decays faster for small T and slower for large T.



7.1 The Source-Free RC Circuit (3)

T/-ve key to working with a source-free RC circuit is finding:

. O .
le ‘ ‘ g
+

1. The initial voltage v(0) = V, across the capacitor.

2. T=RC



7.1 The Source-Free RC Circuit (4)

Ex.1 Refer to the circuit below, determine v, v_, and i for
t2 0. Assume that v (0) = 60 V.

o 80
AMA—— .
+ +~ 12 Q LF == o
2Q 6Q <2 v, 1F == o, ’ ‘
_t _t .
Uc(t) — Voe T = 60e 4 vx(t) — 8:0 + vC(tt) .
= —40e 4+ 60e 4 = 20e 4
(0 = ¢ _ _ses
i = = —5e
0 dt
Answer: v .= 60e "'V - v = 20¢7V; [ = 5¢7 0P A !




7.1 The Source-Free RC Circuit (5)

E¥.2 The switch is opened at ¢ = 0, find v(¢) for ¢ = 0.

t=0
6 Q 6Q

VW AAMA

. SW @ t=0 I
24V<J_f> Lp—

/lSW@t>O
) % W0) =V =2 > v(0)=2-) 24 =8 7
= 30

Answer: V() =8¢V ’




7.1 The Source-Free

RC Circuit (5)

capacitor voltage to decay to one-third of its value at t=0

Ez.?: Find for v (¢) for t>0. Determine the time for the

=0

9 kQ
25—

. SW@ t=0

(*)36V 3 KO § 0uF= %

9 kQ
WV L
+

@) 36V 3k v,

.

/ §swarso v(O):VO:?ﬁv(O):(%)36:9V

+
3 k€2 20 uF == 1,

Wi) = 9¢1/0% v
9/3=3=9¢""%0%-£ = _0.06 xIn(3/9) = 0.066 s

\\Ahswer: v(t) = 9¢7/ 000 V;t=0.066s ’



7.2 The Source-Free RL Circuit (1)

first-order RL circuit consists of L and R (or their

quivalent)
1
—_—
4 By KVL i
+ _ — R =
. v, +v. =0 =» L— +IiR=0
LE v RIv, - K 7 dt N
+ ™ Inductors law Ohms law
unauns 1%order | di R (R
o — = ——dt o (t) _ 7 (Ltj
differential eq. I L Wy =1o€




7.2 The Source-Free RL Circuit (2)

(1) A

—) A general form representing RL

L
. —f/T o
l(t)Ilo e where T ?

Tangentatr =0

0.3681, |--<~

The time constant T of a circuit is the time required for the

response to decay by a factor of 1/e or 36.8% of its initial value.

e i(9) decays faster for small t and slower for large t.

\ The general form is very similar to a RC source-free circuit. H




7.2 The Source-Free RL Circuit (3)

Comparison between RL and RC circuit

RL source-free circuit

RC source-free circuit

v(t)=V,e"" where 7=RC

. . L
l(f) _ 10 e (/= where rT=_
R
| ) 7
(1) A
v A
—_ |
Tangentat =0
0.3681, |-~ . et/ 0.368 V”
'5
0 T 4




7.2 The Source-Free RL Circuit (4)

The key to working with a source-free RL circuit is finding:

. +
7 L vy R Up
L _

i(t)=1,e""" where 7= >

1. The initial current i(0) =1, through theTinductor.

2. The time constant 7= L/R.

13




7.2 The Source-Free RL Circuit (5)

E#A Assume that i (0) = 10 A. Find i(r) and i ().

4Q m
4 J g 0.5H

0.5 H 20 3i @2 Q @ 3

| di
oop 1. L 0y
2 dr

el & loop2 60— 2~ 3, =0 = =
di;, 2

b _I_ _I. — 0 . . —
7 T3 Since i} = 1

(1) = i(0)e 2/ = 10e™ /DA, t >0
i()=1,— ij = —1.6667¢ *Y"A, >0
Answer: i, (t) = 10e~2t/3 A;i (t) = —1.6667e~2t/3 A -

__3'1



7.2 The Source-Free RL Circuit (5)

ad o

; t'i’
[, = .

4 Q
MW

251 2 T R, Az KVL

[T

Pt

vo=1V(* @ m§ @

b

+

u

2i, — i) +1=0 =

6!2_2:!]_3!]:0 =

|
.
I

3,

i, = =3 A,

Uo
ch — RTh -

ia - _il

EQ

W (1) = >
Iy )

i(f) = i(0)e~ /P = 10e~ /P A,
—1.6667¢~ P/ A,

r >0
r >0
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7.2 The Source-Free RL Circuit (5)

Ex.5 Findiand v. Assume thati (0) = 12 A.

2 Q IJ
6Q 2H o O 6Q
20
dz

loopl, 2—+2(i—-i,)—-3v, =0
p 7 (i—iy) -

loop?2, 8i,—2i+2v. =0 ,8i,+4v, =0 ,i,=-0.5v, =0.5

2ﬂ+2(z 0.51))+3i=0 :>2ﬁ+4l 0 :ﬂ+2l 0

dt dt dt

ﬂ=—2a’t = In(G)=-2¢t = i=1[e 2!

i
Answer: i(t) = 12e7 2t A; v, (t) = —i(t) = —12e7%t V
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7.2 The Source-Free RL Circuit (5)

Ezg.S Find i and v . Assume that i (0) = 12 A.

Ly 1 Q
#—
—O0—\WW

e Uy

20
60 u=1V() Q @ §6Q
2y

100p 1, 311 — 212 + 211 — 511 — 212 — 1
/
100p 2, 211 — _211 + 812 il — 212

.11
BTy

i R, 4 2

Answer: i(t) = 12e 2t A; v, (t) = —i(t) = —12e7 2tV
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7.2 The Source-Free RL Circuit (6)

El.ﬁ6 For the circuit, find i (¥) for ¢ > 0.

‘>Sr=0
é 12 € 852%
12 Q

8“—% SW @ t=0

_ AAAA ] 24 Q I5A x:
§z4sz Dls At_(rw - £

5Q

§2H |

/ | ETIE i(0) =1y =7 —>i(0) = [243_)i5=5 A

(24//8)+12
% 12 Q 8 !.2%
R, =(12+8)//5=4

L AMA——
iml 50

O H

S

. _Dt 18
Answer: i(f) =5¢ " A ,t>0




7.3 Singularity Functions (1)

B Singularity functions are functions that either are

discontinuous or have discontinuous derivatives.

B 3 most widely used singularity functions in

it analysis are the unit impulse 6(t), the unit

raphp r(t), and the unit step u(t) functions.

19



7.3 Unit Impulse Function (2)

B The unit impulse function 6(t) is zero everywhere

except at t = 0, where it is undefined.

B This may be expressed mathematically as

O+
f d(t)dt =1
S

o(t) A(co)
y 0, r<0
6(1) = Eu(f) = { Undefined, =0
> 0, t>0
0] t

The unit impulse function.

\\ -




7.3 Unit Ramp Function (3)

B The unit ramp function r(t) is zero for negative values

of t and has a unit slope for positive values of t.

r(t) A

=
0] 1 t

The unit ramp function.

0, <0

rr) =
0=, 130

21




7.3 Unit Step Function (4)

B The unit step function u(?) is 0 for negative values

of t and 1 for positive values of +.

{0, t<0 1
u(t) =

1, t>0

/ 0 -
t—1t,)

(=t ) 0, t<t, "
Uu —_ = 1+ fr—
], t>t

t<—t

1, t>—1,

(b)




7.3 Unit Step Function (5)

Represent an abrupt change for:

1. voltage source: Vout () v @
0 b
(a)

/

(D)
0 \_/

2. current source:

g
l@l
) )

|1
S e
O
Q Q
] =]

\
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7.4 The Step-Response of a RC Circuit (1)

The step response of a circuit is its behavior when the
éxcitation is the step function, which may be a voltage

or a current source.

t=0
M— e Initial condition: w(07) = v(0+) =V,
v @ o . Applying KCL, ~2 . v—V.u(t) _q
dt R

z or
“ dv_ v=Vu()

A, dt RC

« Where u(¢) is the unit-step function

| = +

J‘ dv dt

t
__ | £ ) __ 1
v—V, RC =i )] Rcl 2

(b)




7.4 The Step-Response of a RC Circuit (1)

In(v— V)" = L}
0

In(v(t)— V)~ In(Vy —V,) = ———

RC
In v(t)-V, _
Vo=V, RC

S

t

V(f)—VS _ e_R_C

S

t

vty =V, +(Vy -V, )e RC

S

t

v(t) = v(0) + (v(O) — v(oo))e_; .




7.4 The Step-Response of a RC Circuit (2)

B |ntegrating both sides and considering the initial conditions, the
solution of the equation is:

(1) A Steady-state Response Transient Response

(permanent part) (temporary part)

o T T

Final value Initial value Source-free

( > att - oo att=20 Response
) t

omplete Response = Natural response + Forced Response

(stored energy) (independent source)

(1NN no source) (1NN source)

Vye ''7 + V. (1-e''7)
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7.4 The Step-Response of a RC Circuit (3)

3/ steps to find out the step response of an RC circuit:

Initial capacitor voltage v(0).

Final capacitor voltage v(00) — DC voltage across C.

3, Timefnstant T.

v(t) = v(0) + [v(0") - v(co)]e"'"

Note! The above method is a short-cut method. You may also

detgrmine the solution by setting up the circuit formula directly

using, KCL, KVL , ohms law, capacitor and inductor VI laws.

27



7.4 The Step-Response of a RC Circuit (4)

x.7 Find v(t) for t>0 in the circuit in below. Assume the switch has
een open for a long time and is closed at t=0. Calculate »(t) at

t=0
2.0 X 60
y

ISV

| =~ ++

1
— 3F 1.5V

Answer: v(t) = (5.625e72t +9.375)V &= t>0, v (0.5)=11.44  *



7.4 The Step-Response of a RC Circuit (5)

r=0

2Q >< 6Q 2Q p(0) 6 Q
AN AMA —ANVW\ g ANNN—
y SW @ t >0
15V (%) == LF @ 7svmp 15V() i )15V
?
v(t) = v(@) + [(07) = v(o) e
v(07) = v(0") = 15 Volts
15475
i=—— = 2.8125A,
v(0) = 15 — (2.8125 x 2) = 9.375 Volts
t t

R=2/6==Q, C=- RC == _EZ_RZ_H

Answer: v(t) = (5.625e72t + 9.375)V il t>0, v(0.5) = 11.44 V 2



7.4 The Step-Response of a RC Circuit (6)

x.8 Find v(t) for t>0 in the circuit in below. Assume the switch has

een open for a long time and is closed at t=0.

30 137
%5

+

12V 6Q< 05F == v(t)

V(1) = v(®) + [ (07) — v(@)e

6 6
U(t) = (3_4-6)12 + [0—<m>12] g~ t/T

30

Answer : v(I) = 8(1 — e HV,t>0.



7.4 The Step-Response of a RC Circuit (7)

QQ Find v(t) for t>0 in the circuit in below.

t=0

t=0
12 0 + v(t) - 12 O + v(t) -
o 3 !

0O1F O1F
30V J_r) 69§ 6Q§ 3Q§ <D4A 30V 6Q 6 Q

A&fum v(o7) _

+ vl() — + v(t) - v(o‘)=—(g)4x6=—8V

2)aa
O1F O1F ) 4 A

§6Q 6Q§ 3Q§ 4n(}) §6Q 6Q 3Q§ 4a(})

\\ Answer V(t) - 10 — 18€_t V .




7.5 The Step-response of a RL Circuit (1)

[he step response of a circuit is its behavior when the excitation
S

the step function, which may be a voltage or a current source.

R
—awn— Pl Initial current (07) = i(0*) = 1,

r=0
+
Vs C@ : %f(” « Final inductor current
i(00) = V /IR
(a)
. e Time constantT = L/R
R
— AN/ : !
[ V V —
' iO)=—2+1, ——)e *
V.u(r) 4_-) L é v(1) R R

t

o 0=+ 0)-i@)e s

Y\ \



7.5 The Step-Response of a RL Circuit (2)

3 steps to find out the step response of an RL circuit:

1. Initial inductor current i(0) at r=0".

2. Final inductor current i(00).

3. Tiy/constant T.

i(t) = i(0)+[i (0+)—i(o)]e "’

Note: The above method is a short-cut method. You may also

detérmine the solution by setting up the circuit formula directly

using, KCL, KVL , ohms law, capacitor and inductor VI laws. .




7.5 The Step-Response of a RL Circuit (3)

Ex.10 The switch in the circuit shown below has been closed for

a long time. It opens at t = 0. Find i(t) for t > 0.

i I5H
411 - 10
i(0) = 6=6A
10+0
50 >1z=o 10 Q 6 A |
- D i) = | —|6=4A
5+10

R, =5+10-150 7= | L |-L5_L
! R, ) 15 10

i(t) = i(0)+[i (0+)—i(0)]e"'" =4+(6-4)e ¥ =442¢71%

\ Answer: i(t) = 4 + 2e~ 10 b




.5 The Step-Response of a RL Circuit (4)

Ex.11 The switch in the circuit shown below has been closed for

a long time. It opens at t = 0. Find i(t) for t > 0.

~
Il
o

[W—

-

i(O‘)=%=5A i(oo) =5"==2A

—

20 30 I % 0
—A\NVN—— AW *i RTh=2+3ZSQ T=R—=§_ES
Th
C_r 10V %%H
i(f) = i(co0) + [i(0) — i(c0)]e™"

=24+ (5=2)eP"=243A

Answer: i(f) =2+ 3¢ "' A 35



7.5 The Step-Response of a RL Circuit (5)

S, =

4 Q X p 60Q
Ex12 At 0, S, is closed and S, is closed 4s later. W—"9 5, W lf
Find i(t) for 0. Calculate i for =25 and #=5s. r=4
WUSN 349 1t <0, 0<t <4 t>4 Haov 2Q §5H
A v (*+
gMN 1t <0: i(07)=i(07) =0

#9971 3: ¢t > 4: i(4) = i(47) = 4(1 —e~®) ~ 44

KCL atnode P : 4O_v+10_":1_)v:180
4 2 6 11

v 30 22 L 15

iOO :—:—:2.72714, Re = 4//2 _|_6:_Q T = — S
() 6 11 g ( ) 3 R,, 22

i(f)y=i(c0)H[i(4)—i(o0)]e "N T=2.727+(4-2.727)e (H/T=3 727+1.273¢ 1-4667(174)
36
Answer: i(2) = 4(1 — e™*) = 3.934,i(5) = 2.727 + 1.273e~14667 = 3,024
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