BEYOND THE LIRIT

Electrical Engineering 1

12026105
Chapter 8

Second-Order Circuits

Copyright © The McGraw-Hill Companies, Inc. Permission required for repmi]ii or iliiliii



nnnnnnnnnnnnnn

Learning Objectives

By using the information and exercises in this chapter you will be
able to:

1. Develop a better understanding of the solution of general-
second order differential equations.

Learn how to determine initial and final values.

Understand the response in source-free series RLC circuits.
Understand the response in source-tree parallel RLC circuits.
Understand the step response of series RLC circuits.
Understand the step response of parallel RLC circuits.
Understand general second-order circuits.

Understand general second-order circuits with op amps.
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Second-Order Circuits Chapter 8 &

8.1 Examples of 2" order RCL circuit
8.2 The source-free series RLC circuit
8.3 The source-free parallel RLC circuit
8.4 Step response of a series RLC circuit

8.5 Step response of a parallel




What is a 2nd order circuit?

A second-order circuit is characterized by a second-

order differential equation. It consists of resistors and

the equivalent of two energy storage elements.
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8.2 Source-Free Series RLC Circuits®®

> The solution of the source-free series RLC

R L circuit is called as the natural response of the
— MM— TN —— y
B circult.

+ » The circuit is excited by the energy initially
ﬁ) Vo 77 € stored in the capacitor and inductor.

The 2"¥ order d?i R di i
. —+——+——O
of expression dt L dt LC

How to derive and how to solve?




8.2 Source-Free Series RLC Circuits®®
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(i)

For Capacitor : V(0) =v(07) =v(07) =V,

i(07) =1,

For Inductor :

i(0) =

i(07) =




Iy Initial Conditions j(0)=1, v(0)== _[i dt=V,
) b . t
(// Apply KVL RAI{ L%+% 1dt=0 | -

To solve s&ch a 2" order diff eq. We need 2 initial conditions,

such as j(0) and 40 (from v(0) )
I, dt \/, — :




8.2 Source-Free Series RLC Circuits®=

We get the initial value of the derivative of I from equation after

applying KVL; that is,

Ri(0) + L%+V4(_) 0

v
- T 1

2 Initial Conditions dt L




In 1% order circuits suggests that the solution is |Oe_t/7 . So we let

i = Ae® Where A and s have to be determined
d?i R di i
-+ 4+ =
dt L dt LC

R

st
As’e St+A_fse +AI\_eC —0 mm) Ae®(s? +—s+—) 0
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8.2 Source-Free Series RLC Circuits®®
e

L
®=—a@\/a2—a)02 S, =—a@\/a2—a)02

and @l

VAL = A + A
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8.2 Source-Free Series RLC Circuits®"
zZ=a+b =D 345

There are 3 possible solutions for the following 2™¢

order differential equation:

] d?i Rdi i
JT ‘J + + =0 \/S(ﬁd)c\)o

dt> Ldt LC

d i di
=> —+2a—+a)| 0 _i /i
dt> gt 0 Where « and o, =

General 2" order Form D{ I
G@ { (%02

\
The types of solutions for I depend on the relative

values of Ol and 0,
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differential equation: di Zad_'

1.If o > o, over-damped case AV

i(t)=Ae! +Be™ where ¢ __ ;4 [o? o)’

2. If oo = o, critical damped case

i(t)=(A+Bt)e™ where S ,=—« —_—

3. If o < o, under-damped case

i(t)=e‘“t(A@a<9d£+Bsin t) where g, = .0} —a® ™




Example 1

If R = 1OQ, L = 5H, and C = 2mF in figure below, find g %, s, and s, WEatty/pefof natural response
will the circuit have? -

I ; R _10 _,
2L 2(5)

(1)  v=o
¢ 1 1
J— a)O: — = =10
\'LC \/ 5(0.002)
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Answer: underdamped




8.2 Source-Free Series RLC Circuits®*

Example 2 The circuit shown below has reached steady state at t=0". If the make-before-

break switch moves to position b at t=0, calculate i(t) for t>0.

i) 1

1
—— (Rl +Vy) =—=(50+0) =-50
= (Rlo+Vo) ==1(50+0)

i(0) =1, =10A
= i = £ =25
2L 2()

woz\/Llc :\/1(19) =3

/ 0y =l —a’® =3% —2.5? =1.6583

underdamped

i(t)=e @swdt @in o4t) = e 2% (10 cos(L.6583t) —15.076 sin(1.65831) )A
Answer: _i(t) = e >°'(10 cos(1.6583t) —15.076 sin(1.65831))A




@:lozloA -5 = 16583 B

- —_I_l_b,ﬁ - 15 .0%
— (5
(ﬁr (OJO\JJJ@r%iijC_)
r 02-5'['
0 x -as5¢€ /(/F(ojwarh@gmwﬁ)
_ysT

S—

700 s (o Biors)
i(t)=e *(Acoswyt+Bsin wyt) = e > (10os(1.65831)£15.076 in(1.6583t) ) A

ke ‘*/}(Hiél'nﬂdfwk BNJCOJWﬁ)




8.2 Source-Free Series RLC Circuits®"

Example 3 Find I(t) in the circuit of Figure below. Assume
that the circuit has reached steady state at t=0".

di(0) 1 1
——7 = _Z(Rly+V,y) =——(9-6) = -6

J— =T (Rlg+Vg) =——-(9-6)

40
<>;< N 1(0) =1, =1A
0.02F == v 6Q ,_ R __9 _
()10 - 2L 2(0.5)
30 205H :\/ 1 |1
( °YLC V10.5(0.02)

0y =l —a’® =102 9% = 4.3589

underdamped
i(t)=e “(Acosmyt+Bsin wyt) = e ' (1cos(4.3589t) + 0.6882 sin( 4.3589t) )A

Answer: __i(t) =e °'(cos(4.3589t) + 0.6882 sin(4.3589t) )A




8.2 Source-Free Series RLC Circuits®®

Example 4 Find v(t) fort > 0 v(0) =V, = ( 24 j24 16V i(0)=1,=0

—VWW
15 Q

120 ~ 6Q R _30
AN ) AW TaL 2(3) g
//

r=0 o 25 ug
3H _
(aav 60£2§ 3, “0 VLC V
Q} — v overdamped @ =

I
N

,_t G5 =—a+a?-wy’ =-5+/52 -3 =

—1
:—a—\/a — g ——5—\/52 32 — 9®
]

acdu e

v(t)= Ae*ichaengt Ae~t +Be™ 5 Cas %

t\{— ew 1\(Pﬁz‘t?8e\!‘3 —»

2 2
, _(__ 9—t (i _)9—%
Answer: i(t) = 3 3




8.3 Source-Free Parallel RLC Circuif®

)

1 0
+ Let i(0)=1,=T j v(t)dt

v(0) =V, Afpl}‘/_KICL tgrt e top gode:

gy voad o
RAE = L =dt*

Taking the derivati\*ithﬁrespect to r and dividing by C
d’°v. 1 dv 1

The 2nd order n LTy
of expression dt?° RC dt LC
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8.3 Source-Free Parallel RLC Circuif¥

There are 3 possible solutions for the following 2"® order

differential equation:

M+20:ﬁ+a)ov—0 where oz:i and @, = L
dt? dt 2RC LC

1. If « > ®,, over-damped case
v(t) = Ae™ +Be™  where s,=—a+.a’- a,

2. If a = o, critical damped case

v(t) = (A+Bt)e™  where S, = -« 4
- AT W“’Jy
d) )(

3. If o <_a,, under-damped case 1
- Vil A (;JOI\

v(t)=e ' (Acoswyt+Bsin wgt) where w0y = of —a A} \UO\/

512=_a+ O)d




8.3 Source-Free Parallel RLC Circui§

Exalee 5 Refer to the circuit shown below. Find v(t) for t > 0.
v(0) = 0,1(0) = 2
f= ()<>{ (0) = 0,i(0)
o 1 1 B
it 2RC  2(20)(0.004)

2A®) w3 10HZ 4mF= [T
°YLC 110(0.004)

overdamped
512——a+ a’— w,® =—-6.25+ 6252 52 = 6.25+3.75=—-2.5,-10

v(t) = AeT +Be™ = Ae ' +Be ™ Vv(0)=0=A+B

di _ 1 _ —~2.5t ~10t _ __A_i
UOE et jv(t)dt%'(t) j( +Be it i(0) = 2 25 100

_ 200 SR
. ﬁJSt 3 —_ 16)(

200( 10t _ o -2.5t > \)(;k\ - /Ay € - R

Answer: V(1) = —




8.4 Step-Response Series RLC Circui§

The step response is f=0>§ sl — %
obtained by the sudden v ® _ di i _ ﬂ
e V. =IR+L—+vV -
application of a dc source. dt dt
dv d2v
Vs =RC—+LC—+v
dt dt

The 2nd order d2V+ R dv+ vV
of expression dt?2 L dt LC LC

The above equation has the same form as the equation for source-free series
RLC circuit.
« The same coefficients (important in determining the frequency parameters).

« Different circuit variable in the equation.
-




8.4 Step-Response Series RLC Circui

The solution of the equation should have two components:

the transient response v (t) & the steady-state response v_(t):

V(t) =V, () + Ve ()

® The transient response v_is the same as that for source-free case

v, (t) = Ae" + Be™! (over-damped)
v, (t)=(A+Bt)e ™ (critically damped)
v (t)=e~* (Acoswyt + Bsin myt) (under-damped)

® The steady-state response is the final value of v(t). v (t)=Vv(x)
dv(0)

® A and B are obtained from the initial conditions : v(0) |
dt




8.4 Step-Response Series RLC Circuits

Example 6 Having been in position for a long time, the switch in the circuit
below is moved to position b at t=0. Find v(t) and v,(t) for t > 0.

| Q 25H 10 Q2
YW & T AMA— v(0) = E(18) =12V, i(0) =0
N o ; d (0) d (O)
v v
$1a v - t)=15, i(0)=C 0
(v 220 i==$F 5V (%) Vg ()=15, i(0) =
1 i [1 /40
a = 2, @, =
2L 2(2 5) LC

wy =Jw? —a® =2+/3 under —damped
d 0

V(t) = Vi, (t) +V, (t) =15 + e 2 (Acos 2+/3t + Bsin 24/3t) v(0)=12 =15+ A— A=-3

d\clzl(tt) ( 2e 2 (—3c0s 2+/3t + Bsin 2\/§t)) ( 2 (6+/3sin 24/3t +2/3B cos 2‘/§t))
d‘(’j(to) =0=6+2J3B —>B=-+3

Answer:  V(t)=15—e " (3cos(2+/3t) +v/3sin(2v/3t) )V : vg (1) =2+/3e * sin(2V/30)V __




8.4 Step-Response Series RLC Circuif¥

Example 7 Find I(t) in the circuit of Figure below.

. .5
s (=1 —5a 1=5A =2 A V0)=20V
i(z) .
=0 (Y llH ST R=12//16=4Q, a = R =4(2) =4
. ? 2L 2
)30V N oy
dﬁ @ :1/% =16 =4, critically— damped
%f) V(t) = v (t) +V, (t) =10 + e ' (A+ Bt)
| g: v(0) = 20=10+ A —> A=10
2 -4t
(D)30v é;m i(O):—5=e?(—4(A+ Bt)+B )
o B =0
@ = -2 40y = 5ot
i(t) = —C—=——(40) = 5e

Answer: i(t) = 5e %
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8.5 Step-Response Parallel RLC Circuifs

The step response is obtained by the

|+

sudden application of a dc source. . @ ’="\>2 . §

h
U
0
I
|l

Cﬂ+1+i: A V = ﬂ
t R dt
-
LCd I+Ld|+|:lS
dt> R dt
The 2 order d%i 1 di i |,

of expression dt? + RC dt N L C N LC

It has the same form as the equation for source-free parallel RLC circuit.
« The same coefficients (important in determining the frequency parameters).

« Different circuit variable in the equation.
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8.5 Step-Response Parallel RLC Circu

The solution of the equation should have two components:

the transient response v (t) & the steady-state response v_(t):

(1) =i, () +i,, (1

e The transient response I, is the same as that for source-free case

it (t) _ Ae S;t n Beszt (over-damped)

i (t) _ (A+ Bt)e_at (critical damped)
" —

i (t)=e “ (Acosawyt+ Bsin wyt) (under-damped)

® The steady-state response is the final value of i(t).ig (t)=i(w) = I

® The values of A and B are obtained from the initial conditions: i(0) di(0)
I




8.5 Step-Response Parallel RLC Circuit®

Example 8

Find i(t) and v(t) for t > 0 in the circuit shown in circuit shown below:

i
) ;
10u(t) A D v == 02F %2014 R=w
-1 _p . 1 Aan _
C= ke = V@0 =g = V%0 = @Wa

i, (t)=e~* (Acosmyt + Bsin wyt)

i(t) = Acosw, t + Bsinw 4t

27

Answer: __10(1 — cos(0.251)) A, 50 sin(0.257) V.
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8.5 Step-Response Parallel RLC Circuits

Example 9 Find i1 and i2 fort>0

l;‘l ¢52
4u(t) A D 20 %1}1 %11{

At t = 0-, 4u(t) = 0 sothat i;(0) = 0 = ix0) (1)

Applying nodal analysis,

4 = 0.5du/dt+1; +1, (2)
Also, 1 = [1diy/dt — 1dip/dt]/3 or 31, = diy/dt — dip/dt (3)
Taking the derivative of (2), 0 = d”i;/dt* + 2di,/dt + 2diy/dt (4)

From (2) and (3),  diy/dt = diy/dt — 3i» = diy/dt — 3(4 —i; — 0.5di,/dt)

= diy/dt — 12 + 31y + 1.5diy/dt
—




8.5 Step-Response Parallel RLC Circuit®

Substituting this into (4),
d*i,/dt* + 7diy/dt + 6i; = 24 which gives s+ 7s+6 = 0 = (s+ 1)(s + 6)
Thus, i(t) = Ig+ [Ae"+Be™], 61, = 24 or I, = 4
i1(t) = 4+ [Ac'+Be® and i(0) = 4+ [A + B] (5)
i, = 4—1i,—0.5di}/dt =1i;(t) = 4+ -4-[Ae'+ Be®]—[-Ae™ - 6Be™]

2

= [-0.5A¢™ + 2Be™®] and i,(0) = 0 = -0.5A + 2B (6)

From (5) and (6), A =-32and B = -0.8

() = {4+ [-3.2¢" - 0.8¢°]} A

ira(t) = [1.6e" — 1.6e] A .
-




