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Learning Objectives

By using the information and exercises in this chapter you will be

able to:

1. Understand solutions to unforced, first-order linear differential
equations.

2. Comprehend singularity equations and know their importance
in solving linear differential equations.

3. Understand the effect of unit step sources on first-order linear
differential equations.

4. Explain how dependent sources and op amps influence simple
first-order linear differential equations.

5. Use PSpice to solve simple transient circuits with an inductor

Or a capacitor.
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e :
7.1 The Source-Free RC Circuit (29433 RC Nlaidnrasane)

7.2 The Source-Free RL Circuit (2935 Bkﬁ‘laiﬁl,mdﬁﬁhﬂ)

7.3 Unit-step Function v

7.4 Step Response of an RC Circuit (2935 RC Afluvasdng)

7.5 Step Response of an RL Circuit (2935 RC fflunasing)
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A first-order circuit is characterized by a first-order

differential equation. By KCL
& : - V dv
| X |in IR+IC=O—>E+Cd—:O
€ " R Ohms law =~ Capacitor lan~
R dv dt
il v o _RC

t
In(v) = Y -7 + Cont

v = E(—%+Coﬂt) = %e(_%)

Apply Kirchhoff’s laws to purely resistive circuit results in algebraic equations.
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Apply the laws to RC and RL circuits produces differential equations.
-




*The natural response of a circuit refers to the behavior
(in terms of voltages and currents) of the circuit itself,

with no external sources of excitation.

0.368V,

0 T
« The time constant T of a circuit is the time required for the

response to decay by a factor of 1/e or 36.8% of its initial value.

®* VY decays faster for small T and slower for large T. 5
[




7.1 The Source-Free RC Circuit (3) &

The key to working with a source-free RC circuit is finding:

V(t) :VO e—t/T where T = R C

1. The initial voltage v(0) = V, across the capacitor.

2. T=RC.




Example 1

Refer to the circuit below, determine v, v_, and i for¢= 0.
Assume that v (0) = 60 V.

AMMN——
+ + *
|
120 6Q 2 v, 1F == o 12Q 3F == vc

~t/7 —t/4
V(t) :VO e =60 e VX (t) ( 4 jVC (t) 20 e—t/4

dv 4+38
i ()=C—<=-5e '/
dt
Answer: V.= 60e "'V ; v _=20e "'V, i =-5¢""" A 7




Example 2 The switch is opened at ¢t = 0, find v(¢) for r = 0.
60 60
AMA A AN
N dgIngua S,
24V () éF==i %129 %49 # 24V (3) v gm
(‘:IJ —
la%wz?f‘ A v(0) =V, =? - v(0) = (3%6)24 =8V

-
Tl
I
|l

3Q

Answer: v(¢) = 8¢V )




Example 3 Find for v (1) for t>0. Determine the time for the

capacitor voltage to decay to one-third of its value at t=0

1=0 . 9 kQ
- 9k AN
) AW . ‘
. amala O+
(*)36v 3 KO § 20 uF == 7, - CD 36V 3kQ T K
a 6 a |
Y ewiits V(0) =Vp =2 > v(0) = -3:)36 = 9V

3 KO £ W0uF== 1% 9/3=3=0e""0%:t=_0.06xIn(3/9) =0.066 s

L

Answer: v(£) = 9¢7/ %% V: t=0.066 s ’




7.2 The Source-Free RL Circuit (1) &

® A first-order RL circuit consists of L and R (or their
equivalent)

[
o By KVL di
_ L— +1IR=0
J_ + VL tVR _O-’/dt \\
L ﬁ vy R Up Inductoé law Ohms law
X _
WAFUNS - d_ Ryt = —(%tj
1°* order dif eq i L 0 =1loe
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7.2 The Source-Free RL Circuit (2)

(1) A
A general form representing RL

/
I(t) — | e_tlr where TZL
=1, =

Tangentat =0

0.3681, |-~ <)

0 T
The time constant T of a circuit is the time required for the response to

decay by a factor of 1/e or 36.8% of its initial value.

i(f) decays faster for small t and slower for large t.
11

The general form is very similar to a RC source-free circuit.
e




7.2 The Source-Free RL Circuit (3) &

Comparison between RL and RC circuit

RL source-free circuit RC source-free circuit
i(t)=1,et'* where =% v(t)=V,e"" where r=RC
(1) A

Tangentatr=0

03681, -~




7.2 The Source-Free RL Circuit (4) &

The key to working with a source-free RL circuit is finding:

I =

_ +
L E v R < v,
+ _

|(t) = |0 e_tlr where 7=_—

1. The initial current i(0) =, through the inductor.

2. The time constant 7= L/R.




Example 4 Assume that i (0) = 10 A. Find i(s) and i (9).

4 Q) 4 Q
MWy MV

i ‘ J’ i
- 0.5H
0.5 H 20 3i Oz Q i 3i

| di,

loop I. =L 4 20 — 1) =0
2 dt -
agﬁ 1 GL% KVL lﬂﬂp 2._ 6.’2 — 2.’1 — 3.’1 — 0 = 1:2 — gftl
di, 2 , * *
EJr;I]:O Since i, = i
(1) = i(0)e /" =10 %A, >0
i.()=i,— i; = —1.6667¢ *"A, >0

14

Answer:yit) =10 e2/2 Ai, (t) = -1.6667 e 2/ A




Q iy— 4 4 Q
dd n2 1% R ey KVL AMA———
4Q A
g P AN v=1V () o § @ >
0'5H§ §2§z 3
|
2(51—fg)+1:0 = ===
. , | | 5
6i» —2i; —3i;, =0 = i, = —i
6
= —3A, i, = —1; = 3A
v, _ | L 5 3
Ry =Rm=-—"=-0Q = — s _ =
W, 3 TRy 520

i(1) = i(0)e /" = 10e™ /DA, t >0

U e — (D /)
ix(f) = 5 = —1.6667¢ QA >0 .
]




7.2 The Source-Free RL Circuit (5)

Example 5 Find i and v.. Assume that i (0) = 12 A.
1 Q 1 Q

A

A

| 20
(f_\ o 6 Q
2:{1
V, =—I

loop2, 8i,-21+2v, =0 ,8i,+4v, =0 ,1, =—0.5v, =0.5i

2ﬂ+2(| 0.51)+31=0 :>Zﬂ+4| 0 :ﬂ+2| 0

dt dt dt

ﬂz—zdt = In()=-2t = i=1,e"
|

loopl, 2% +2(1—1,)—3v, =0

16

ANSWET: j(t) =12 e 2 A; v (t) =—it)=-12e 2 V

&
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7.2 The Source-Free RL Circuit (5) &2

Example 5 Find i and v.. Assume that i (0) = 12 A.

1Q I,
0 1 Q
#—

2Q

60 ,=1v(®) /D @ 260

2v

A
g't 4

17

ANSWET: j(t) =12 e 2 A; v (t) =—it)=-12e 2 V
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7.2 The Source-Free RL Circuit (6) **

Example 6 For the circuit, find i (9) for ¢ > 0.

‘>Sr=0
%lzﬁ SQ§

él?ﬂ 8£_l§ t<0
=8t l
lt>0 - - 24118 )

: (0)= 1o =7 -i(0) = 22 J15=5 A

E}l.ﬁfil 8&2%
Ry = (12+8)//5 =4

in} L 5Q

= 2H

L0

18

Answer: i(1) = 5¢ " A, t>0




7.3 Unit-Step Function (1) 2

*The unit step function u(¢) is O for negative values of ¢t and

1 for positive values of .

o0 :{f t<0 |

, t>0
B 0,  t<t
ut-t,) = It ——
R t>t ;
0, t<—t, |
ut+t,) =
1, t>-1 |




7.3 Unit-Step Function (2) Br

Represent an abrupt change for:

r=0
o a o) D d
1. voltage source: N — A
Viu(t) a\__j — Vo I\__/"
E—— ) Y b
(a) (b)

————O0a \>Z C a
2. current source: A _ L
Tou(t) Kt/"' A J P
o b > b
(a) (b)

20




7.4 The Step-Response of a RC Circuit (

*The step response of a circuit is its behavior when the

excitation is the step function, which may be a voltage or

a current source.

. =0 e Initial condition: v(07) =v(0*) =V,
@ oo - Applying KCL, ¢V, V=Vl
- dt R
(a) or ﬂ__ V _Vsu(t)
i dt RC
£ « Where u(¢) is the unit-step function
Vou(r) (£ C=—v
? _ [ LY [ TV V. |
V—VS RC n(v— S) 0 __E 0 21
(b)




7.4 The Step-Response of a RC Circuit ( o[

t
In(v—V,) :_Rt_C}
0

In(v(t) —V,) —In(Vy V) = &

RC
In VO-Vs |t
VO _Vs RC
_t
— @ RC

v(t) -V,
Vo -V,

t
v(t) =V, +(V, -V, Je RC
_t
V(t) = V(o) +(v(0) —v(x0))e ©
-




7.4 The Step-Response of a RC Circuit (

®Integrating both sides and considering the initial conditions,
the solution of the equation is:

(1) A Steady-state Response Transient Response

(permanent part) (temporary part)
™

A)

o

Final value Initial value Source-free

( > att - o att=20 Response
) t

Complete Response = Natural response + Forced Response

(stored energy) (independent source)
(1inv1N no source) (1ina1n source)
Voe—t/T 4 VS (1_e—t/T)

23
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7.4 The Step-Response of a RC Circuit (37

3 steps to find out the step response of an RC circuit:

1. Initial capacitor voltage v(0).
2. Final capacitor voltage v(00) — DC voltage across C.

3. Time constant T.

V(t) = V(o) + [V(0T) — v(0)]e ™"

Note: The above method is a short-cut method. You may also

determine the solution by setting up the circuit formula directly

using KCL, KVL , ohms law, capacitor and inductor VI laws.




7.4 The Step-Response of a RC Circuit (

Example 7

Find »(t) for t>0 in the circuit in below. Assume the switch has been open for a long time and is closed
at t=0. Calculate »(t) at t=0.5.

f=0
20 60
A >§ AW
+
15V (¥)  v==3F () 75V

Answer: v(t) = (5.625e72 +9.375)V e t>0, v (0.5)=11.44 V 25
-




7.4 The Step-Response of a RC Circuit (

15v (%)

Answer:

=0

'3\;\/2\( >§ /\?\/\Q}\, 2Q Ig(;o) 6 Q
; — iF G) 75V - 15 V(ﬁ) @)7.5 \%
?

V(t) = V(@) + [v(07) - v(x)]e"

v(07) = v(0%) = 15 Toas
v(0) = v(0) = 9.375 had

(225 s (225, _gaer
i=lexz) V=D o{grg)2 = 9375

~ 3 Ay 1 Sttt
R=2//6=-Q, C=z, RC=; = %

26

v(t) = (5.625e %' +9.375)V e t>0, v (0.5) =11.44 V
-




Example 8
Find »(t) for t>0 in the circuit in below. Assume the switch has been open for a long time and is closed
at t=0.

=0
30
+
(2v 6Q< 05F == v()

27

Answer: V(1) =8(1 —e )V, 1> 0.




e Step-

Example 9 Find »(t) for t>0 in the circuit in below.

esponse Oor a

no 'S0+ v - ‘;go 20
—WW—0} | o}
O1F 01F

30V t} GQ§ 6Q§ 3Q§ Q 4 A C_’ 30V §GQ GQ§

10 O + v(t) -

O1F

(1“ 10V

Answer : V(1) = 10 — 18V 28




7.5 The Step-response of a RL Circuit (1:3”

®* The step response of a circuit is its behavior when the excitation is the step function, which may be a

voltage or a current source.

. @

(b)

Initial current j(07)=i(0") = I,

Final inductor current

i(OO)=VS/R
Time constant T = L/R
t
V V.. —
i=—+({,——)e ~
(t) - (1, R)

() =i () +i 0)-i (=))e -




7.5 The Step-Response of a RL Circuit (

3 steps to find out the step response of an RL circuit:

1. Initial inductor current i(0) at t=0".
2. Final inductor current i(00).

3. Time constant T.

1 (t) = 1(0)+[1 (0+)—1(0)] ot/

Note: The above method is a short-cut method. You may also

determine the solution by setting up the circuit formula directly

using KCL, KVL , ohms law, capacitor and inductor VI laws.




7.5 The Step-Response of a RL Circuit (F

Example 10

The switch in the circuit shown below has been closed for a long time. It opens at t = 0. Find i(t)
for t > 0.

i 15H
I 10
i (0) = 6=6A
10+0
50 it:O 10Q 6 A
- D (o) = |22 |6=4A
5+10

i (t) = i (0)+[i (0+)—i(0)]e 7 =4+ (6—4)e % =4+2e71"

: 10t
Answer: i(t)=4+2e 31




7.5 The Step-Response of a RL Circuit (

The switch in the circuit shown below has been closed for a long time. It opens at t = 0. Find i(t)

Example 11
fort > 0.
t=0
]
2Q 3Q
—VWWAW\——AAWW *’

Answer: i(f) =2 + 3¢ ' A

10

i(O‘):%():sA i(00)=m=2A
1
_ L _35_ 1
Rp=2+3=5Q r=p-=5=15

i(1) = i(00) + [i(0) — i(c0)]e™/"

=2+(5-2) "=2+3e""A

32




7.5 The Step-Response of a RL Circuit (

Example 12 At t=0 switch 1 is closed, and switch 2 is closed 4 s later. Find i(t) for t>0. Calculate i for

t=2 s and t=5 s.

40 51);(:0 p 6Q three time intervalst <0, 0<t <4, t >4
AW — VWV . .

foo [ t<0r i(0)=i(0M) =0

()40 v 20 Z%SH 0<t<4:i()= 40 oy R
v (*) 4+6
T i (t) = i(0)+[i(0+)—i(0)]e”
t>4: i(4)=i4")=4al-e?)~4A
KCLatnodep: o—v, 10-v_v ., _180
4 2 6 11

22

i(oo):X:@:z?z?A, Reg = (4112)+6="-Q 7=
6 3

11

(1) = 1(0) +[i (4)—i (o) V7 = 2727 + (4-2.727)e )"

=10Q

L

15

R

eq

22
= 2.727 +1.273¢ 14%6714)

VT =4+ (0-4)e ™ =4

Answer:i(2) =4ll—e™*)=3.93A,i(5) = 2.727 +1.273e "' 302 A



