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UL (Complex Numbers)

* uUILTIdau Aevwulagneglusd Z = x + 1Y lag
1 X wag Y AU Hag | A9FIUIUIUANIN= V-1

—X fAeduais wse Re(z)

—VY Aadaudunnn wie IM(2)
— FNUIULTIFIU 2 FIUIULNINY DIN9dIUISLazEIU

AUANINLVINNY
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UL (Complex Numbers)

* msadumsineanuavain (Arithmetic operations) sign
N3ZYINNUITUIUGDU Z; = X1 + IV uas Z, = X, + 1Y,

— N13UIN:

— N13aU:

— N13AEU:
U

— N13%3:

z1+ 2z, = (xy +x3) +i(y; +y2)
Zy — 2y = (xy —x3) +i(y1 — y2)
Z1 ' Zy = X1X3 — Y1YV2 + i(y1X2 + x1Y7)

Z1 __ X1X2tY1)2 +i (Y1x2—x1YZ)

Z) X% +yy? X% +y,?

* lugas viseAaNYsalvas Z = X + Ly

widu |z] = \/x2 + y%2 =+zZ

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



UL (Complex Numbers)
s dTldfusuaudedou z; uas Z,
— nsadu: Z1+ 2, =2, + 24
Z1Zy = ZoZq
—mswdsuny:  z; + (2, + 23) = (21 + 2,) + 23
21(2223) = (2122) 23
—mswanuas ;. Zq(2o + 23) = 272, + 2125
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gnniasnazsin (Powers and Roots)

* oy Z = X + 1Y aansegnleulvieglusd
z = 1r(cos 0 + isin 0) lidada (1, 0)
— 1 ABALUNAHVDY Z
— 6 ARA1INIUUATDY Z way B = argz
:

.

l)

r

60

~sin @
X

Z=Xx+
*
I
|
|
I
J

-
rcos 6
Figure 17.2.1: Polar coordinates
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gnniasnazsin (Powers and Roots)

o a v o @ o <
: Q'TIJ’J‘L!L“U\‘i%@ﬂ&lﬂﬂ’]ﬂ\ﬁ]']ﬂ’aumugﬂLLﬁﬂ\i‘léI}Iﬂﬁl

z" =r™(cos nf + isin nf)

* mspauaznesTusuiBeda
Z1Zy = 111[cos (01 + 0,) + isin (61 + 6,)]
Z r
e |cos (681 — 05) + isin (6, — 6,)]
Zz I
* MNFUNITAIUVY 791

_ |24 |

) N |25 |
arg (z,z;) = arg (z;) + arg (z;)

Zq
12125| = |21]]2,],

Z1 =
arg (Z) Shghot%gagﬁmggmjigyri;@ 2§7];gone(&zl32| t Learning, LLC an Ascend Learning Company
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gnniasnazsin (Powers and Roots)

* gnsvaunaias (DeMoivre’s formula) iusslevilunism
lPNaNYAIAILNAIRAUIIDES

A .. v G
— 19 z = r(cos 6 + isin 9),gmmmmau'sinan'sfl
(cos 0 + isin 8)™ = (cos nf + isin nb)

* S9NUBIITUIULIIYBULANYNINU

1| 0+ 2kn\ = [0+ 2km\
Wi = Trn|CcoS " + 1Siln "

—wa k =0,1,2,..,n— 1 @as31uuA1sIAN N
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wnluszurudedau (Sets in the Complex Plane)

* fusiazyn z vauan S Wuganagnielu(interior point), S
azilugnila (open set) Asgugnelia

lz— (1.1 + 2i)l <0.05

Y
el
\ 9
. 20
II
| 1
\\ ,[
Figure 17.3.2: Open set Figure 17.3.3: Open set magnified view

of a pointnearx=1
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wnluszurudedau (Sets in the Complex Plane)

Y _
e . LY
e ©Pa Vo
1 x IHﬂ TOa \/ P1 b
a
X - X
Fig. 330. Unit circle Fig. 331. Circle in the Fig. 332.  Annulus in the
complex plane complex plane
zl = 1 z—al=p p1 < |z —al < py
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wnluszuruidedou (Sets in the Complex Plane

y
| |
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wnluszurudedau (Sets in the Complex Plane)

i3ign 2, waz Z, luanila S gnivausialagiduiitinans
&

[l ¥V
Q/ Q/

un2ne S 15132580 S 91 “‘connected set” T

gnnignidausamaiiazgnizendt “lasu”

3wy (region) Aslawulussurutsdau L

‘I;llQ‘ViﬁJﬂ, ‘U'NEi’J‘L!, ‘Vi‘%'é] 13j§j?j§]‘UL5{]{§] Figure 17.17.3.6: Connected

set

338U NUTTNBUNYIANIVINAVDIVBULYNRLYNLTENITTUN

(closed)
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Wanduvasaauusitsgau(Functions of a Complex Variable)

o Wendurasdmusdedou [ andn Z 1 W Aeanudunus
(rule of correspondence) @sfwuaiusazasdusznaulu
7 duusuvunilsdanilauwdazasausznauly W lneil Z @nvas
MUY Z

— i1 w 1 Juasausznaulu W ganwualun Z Tu Z, w As
aw (IMage) ves z wazgniliswdu w = f(2)
— 7 Julamiuves f

— wnvasnawly W Assud (range) ves f
w=f(z) =ulx,y) +iv(x,y)
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Wanduvasaauusitsgau(Functions of a Complex Variable)

* n5lvas w = f(2) hisusagnialaiiiasaindunasnis

Nnaua 4 wnulussuunng 4 46

C

(a) z-plane

w = f(2)

domain of f

v

range of f

w

u

(i

(b) w-plane

o leiduazgnuuaidunsunuts (Mapping ) wienisuvas
(transformation) anszuu z luszuu w

Figure 17.4.1: Mapping from z-plane to w-plane

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company

www.jblearning.com



Wanduvasaauusitsgau(Functions of a Complex Variable)

 Afinves f N1 zy Ao lim f(z) =L
Z—7Z

dwmiu e > 0asi1 8 > 0 dniu |[f(2) —L| < ¢

dlalusfinnai 0 < |z — zp| < 8

Suppose lim__,, f(z) = L, and lim,_,, g(z) = L,. Then

() lim [f() + g@] = Ly + Ly

(id) lim f(2)g(2) = LiL,

oo 1 f(Z) L (a) 5-neighborhood (b) e-neighborhood
(i17) Iim = — L, # 0. N =

220 8(Z ’ Figure 17.4.5: Geometric meaning

>* . . of a complex limit
f must be defined in a
= © Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
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aun1slad-3aud(Cauchy—Riemann Equations)

o aunslad-3dud duiusiveuwusdesddud 1
—a1 f(z) = ulx,y) + iv(x, y) awssenisynusla
flan z = x + iy fetu fian z asflounussasdaud
1 999 U Wag U Wazdannaasny aun1slag-sduil

ou ov ou ov

— = G~ ——

dx dy dy 0x
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aumslad-3dud(Cauchy—Riemann Equations)

* AN39UaIanNTu (X, y) dlaywustaeaIaun 2
satlaslulaiu D uazdannnainuaunisanday asgn

= 1

13an71 a13ludda (harmonic) Tu D

p=| (Y} (-1

o Wanduazidunandudiasizilulawy AUl uNUsSnnas

e i1 f(2) = ulx,y) + iv(x, y) Junsnduiiasiziiluy
Tawu Dasuunenty U waz V Wuaisluida
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WandutandlntuuLdsanazaaniang
(Exponential and Logarithmic Functions)

* WeanduLanFINIULLTYE A

z X+iy —

e’ =e *(cos y + isin y)

* YNUSVaININTULNTINUULTYA AB
de?
dz

* JanUuduNLINUDIAIaN1ENNVDIITUIULTITOU Z

Inz =log,|z| +i(6 + 2nm),n =0,+1, +2, ...

eZ

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



Weandunslnaduazlawmasluan

(Trigonometric and Hyperbolic Functions)
* dwsudmuuteeu lag Z = X + Ly
eiz _ e—iz eiz 1+ e—iz
sinz = —— ,COS Z = >
® ANDYNUSHATANDNANYAIVDIIIUIUIILDUVDININTURNT LNadln

AZNAUDUNUNINTUITIUIUDSS

o Wandulawmeslvaalodunazlalad eulanuaruauase

- e —e? " e’ +e”
sinh z = coshz =
2 ' 2
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o\ (-1 ¢ o/ = (-4 o\
duLasanentunslnadtazlawmasluaa
(Inverse Trigonometric and Hyperbolic Functions)

* FuUIBIAYRININTUAINIANNLAZOYWUS HANANL

L]
sin"lz=—iln [iz + (1 — ZZ)%] dsin_z = - -
dz (1—22)2

~1
cos tz=—iln [Z +i(1 - ZZ)%] dcczls Z = 1 -
© (@-2z2)2

» i i+z dtan~1z 1
tan" z ==In =

2 i—2Zz dz 1+ z2
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Engineering Math 2 (12026003)

Lecture 4 (Integration in the Complex Plane)
Dr. Santhad Chuwongin
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18.1
18.2
18.3
18.4

Outline

aaunasouiinia (Contour Integrals)
ngufjunveslad-psenn (Cauchy—Goursat Theorem)
anududdszvaadunis (Independence of the Path)

gnsla¥duiinga (Cauchy’s Integral Formulas)
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aaunsdUNinga (Contour Integrals)
* Wi f(z) =ulx,y) +iv(x,y) ﬁ’]il’]'iﬂ‘l/i’]ﬁﬂlﬁﬁnﬂQﬂUuLﬁuIﬁﬁL%‘EJ‘U
Cade x=x(t),y=y{t),a<t<bh
o uis Cillun daudsll a = to <t; <<ty =buuvi|a,b]

* Zog =X+ iyg = x(ty) +iy(ty), ..., 2z, = xp + iy, = x(t,) + iy(t,)
el Az,= 2z, — 2,1, k=12,...,n

o U ||P||\uuesuvasdrudadiduniigavas |Az,|

2 Y I x %k ' b S R
°* LHaNYARIRENN Z), = X T+ LY vuusiazdlu(yaung)

* PINATIY n
> [z bz
k=1
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aaunasauiinga (Contour Integrals)

e Juiinsaves f(z) vudulasseu C Ferallaadudneg
(contour or path) aniiendn aausiasduiinsansonaunand
auNnsa

|P[|—>0

f(z)dz = lim f(z,") Az
fc kZl K K

C gnavualag x = x(0),y = y(t),a<t<b

* AAUNISIUNNTE LAUAVINAU

<0

, 2
f f(2)dz = f fz(®))z'(®)det
C a

I

\'l
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aaunsdUNinga (Contour Integrals)

* AuANUAYRIABUINIBUNINTS WisuaulanuAMaNUR
va9laluduiinga

Theorem 18.1.2  Properties of Contour Integrals

Suppose fand g are continuous in a domain D and C is a smooth curve lying entirely in D. Then
i

(i) | kf(z)dz = k J f(z)dz, k aconstant
G c

.

(@) | [fx) + gx)]dz= J fx)dz + J g(z)dz
Jc c C

f(z2)dz + J f(z)dz, where C is the union of the smooth curves C, and C,
G,

:
(@) | f(R)dz = J
Jc 6

-
(iv) | f(dz = — J f(2)dz, where —C denotes the curve having the opposite orientation of C.
¢ C
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aaunasauiinga (Contour Integrals)

& f dalosvuduldaseu C uasd |[f(2)| < M

. f@)dz|<mL

dmsunnan Z vu C, aeiu

Taen L Wuainugiaves C

> ]
77 dz,

—ngefuausn (Bounding Theorem) ., _ .- .

onC L= |

] I

[at]

#39UN9ATIPNLTENTT “ML-inequality”

2Z2dz|l = 2\

"L

—Usglovudluea wn ¥ UaIn1sauninsnITUILINY DY
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aaunasauiinga (Contour Integrals)

 amnveuwavuvasiang ngld ML-inequality Taefi C fesanau |z| = 4

* lude 3, C fe quarter voanan [z| = 4danz = 4ifez = 4
f e’ p e*8m
7+ 1 Z < 3 ~ 457
C
f e? ; <8T[|€Z| _ e*8m S
ZZ+1°° “1zZP=1_ 15
C

1 2T W
—dz == =
Z 14| 32
C © Sharpdhot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
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nguijunvedlai-pswan (Cauchy—Goursat Theorem)

* JszAnlaLuy

* Tawuazilu simply connected §wne) O
Y 1 D
simple closed contour € isnuniiagly

(a) Simply connected domain

lauiidaaauiiesgn D (e tawulsiag)

Y

* Tauauilaivu simply connected agidu . )

multiply connected ()
*TaLuuiial 1 “hole” azLUu doubly connected

*Tauuiidl 2 “hole” azlu triply connected

(b) Multiply connected domain
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nguijunvedlai-pswan (Cauchy—Goursat Theorem)
* auiinguijunveslad-pfaananls dle filluilsdduinsey
(analytic) Tlawu D fduwuu simply connected Arvaspau

m'sauwn'sa gﬁ f (2)dz fidwindudmduduldse C & ezNasJ
aelu D sranun

9 9

o & [ Juilsdduiimameit inngqaitagaelu

w3auumauing C, uan gﬁc f(z)fz=0 .

X
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nguijunvedlai-pswan (Cauchy—Goursat Theorem)
* nsigangeunvaslad-nsun (Cauchy-Goursat theorem) agly

NO¥UNVBINIU (Green’s theorem) wazauN15valAY-3duY (Cauchy-

Riemann equations)
* f(2) =ulx,y)+iv(x,y) uag z(x,y) = x + iy

* ¢ f(2dz =9 [ulx,y) +iv(x,y)][dx + idy] = §. u(x,y)dx —v(x,y)dy +

i$. v(x,y)dx +u(x,y)dy = [f, (—%—2—5) dA +i [f, (3—2—5) dA
* &1 f u analytic, 2 P L @ﬁﬂ‘w gﬁ f(z)dz=0

dy dx dx
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nguijunvedlai-pswan (Cauchy—Goursat Theorem)

* Tulawuitiduwuu multiply connected, ¢. f(z) dz # 0

— auy@in C, Cq, ..., C, Wuwduldewuu simple closed #sifianna
Juuan Cq,Cy, ..., Cp aglu C

— wivsianiegneluvasusaz Cy, k = 1,2, ..., n azhifigasauny
— [ Juilsdduiiaszivunsazaouniswaziuiazganiely C walaly
mewen Cr,, k = 1,2, ...,1n b
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nguijunvedlai-pswan (Cauchy—Goursat Theorem)

$ 1) dz = ff(z)dz (
C k=1 ¢,
' dZ Al P
A9%1AN Tnen C Aaqanay |Z| =3
C z241
1 _1/2i 1/2i
7241 z—i z+Ii
f dz _136 1 1 p
22+1 2if \z—i z+i%
C C
dz _1 1 1 g 1 1 1 g
5L22+1_2i z—i z+1i Z+2l z—1i z+Ii ‘
C C1 CZ

1
:Z—i(Zni—0+O—2m’)=0
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anududdaszvaadunis (Independence of the Path)

aouviafduiinga [ . f (z)dz Judaszves

1 [-%4

IHUN19 AAvastudiawinnulunndunsasi C
AEYALINAY ZoHazgndusgn Z, D

9

i1 [ Wursnguiesizgsilu simply connected

domain D, ey fC f(z)dz Judaszves D

idun1e C
20

Figure 18.3.1: If f is analytic in D,
integrals on C and C, are equal
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anududdaszvaadunis (Independence of the Path)

* mansndu F aiaunsadila laen F'(z2) = f(2) asdy, F
Juufeynusves [ (antiderivative)

* {19819, F(z) = — cos z Wudfermynwusves f(z) = sinz
w3139 F'(z) = sinz

* i f Wandundaiaddulawu D waz F (Juufenywusves [
Tulawiu D | dsuy dmdunnaauiing C deligasudu Zguas
yndugn Z1 W D

f e =3 = Rl
C

© Sharpshot/Dreamstime.com Copyright © 2017 by Jones & Bartlett Learning, LLC an Ascend Learning Company
www.jblearning.com



gmﬂﬂﬁ?@uﬁn%’a (Cauchy’s Integral Formulas)

* NEUNVBILAT-NIYIN AAUEIAYNAILES
—ANvaInaNTuATIZA [ N3a Zg Taglulamuwuy

simply connected @131509NUNUAIBABUNITIUNANTA

) = —¢ L&

: dz
2Tl ). Z — Z

—Wentudasnzi [ Tulawuwuu simply connected aunse

n! f(z)
v ¢ Y n )
mauusnndsu (M (z,) = — —dz
: : 2mi 'C  (z—2zp)
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a o

an3larduiinsa (Cauchy’s Integral Formulas)

U
* audignslatduiinianadld dmsuilsddudasient [ Tulawu D
wuu simply connected, dqe C {Wunsuiiaswuu simple

closed aglu D wazan z, laqitednelu C deuansusudusng

fa) =—¢ L9 4,

2Tl ). Z — Zg

C

Cauchy’s integral formula Proof of Cauchy’s integral formula ,
e . LLC an Ascend Learning Company
www.jblearning.com



gmﬂﬂ%uﬁn%’a (Cauchy’s Integral Formulas)

z° —4z 4+ 4 ga
—dz =? laei C Apenaw |z| = 2
C Z+1
z? —4z + 4 o g .
f p—— dz = 2mif (—i) = 2mi((=i)? + 4i + 4) = 2n(—4 + 3i)
C

Z A A ,
dz =? lagh C Ao Nnau |z — 2i| = 4
c Z°+9

% Z P _f Z ] _jé Z/(Z+3i)d
L Z2+9 0 J. (z+30(@z=-3) ~ J. z-31i

3i
= 2mif (3i) = 2mi — = mi
61 1 f(2)
f(z0) = 5— dz
2ni ), Z — Z
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gmﬂﬂ%uﬁn%’a (Cauchy’s Integral Formulas)

z+1 ~ A
dz =? laeh C Aownaw |z| = 1
C

z* + 473

B z+1 (Z+1)/(Z+4)

_f 3(Z+4) é

21Tl

=5/ (0)

B 27111 6

20\ (0 +4)3

37i . i f(2)
— —3—2 f( )(ZO) = o g (Z—ZO)n+1 dz
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gmﬂﬂﬁ‘i‘@uﬁn%’a (Cauchy’s Integral Formulas)

e

z3+3 e
f — dz =7 Ipen C Ao
c Z2(z—1)

_j{) z3+3d+j£ z3+3d
Je z(z —1)? g c. Z(z —1)? g

1 2 0 X
(z3+3)/(z — i)? P (z3+3)/z " Q),

Cy z C, (z —0)*
= (2mix3) + 25 1 [ @
= (@mix3) + 57 f0) f@o) =5=¢ ———dz
mi J. z— zg
= 6mi + 2mi(2i — 3/i?)
= 6mi — 41 + 671 F@)(z0) = n! f(2) dz

2mi Jo (z — zp)"td
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Qﬁ’ﬂﬂﬁ?@u‘ﬁﬂ%a (Cauchy’s Integral Formulas)

f@ , _§ [@=fl)+f()

c £~ %0 C 2 A

f(2) dy — f(Z)—f(Zo)_I_ f(Zo) f f(Z)_f( 0)

+ 2mif (zy)

ilasann [ dawllesdt Zg 3l | f(2) — f(29)] < € dwdu € > 0 udidnung

o o/ 1'% = 124 5 % gj 174
waz |z — zp| < § dwsu & > 0 uwasdusuden CyIAdu |z — z5| = > Sl 1%

ML-inequality
f(2)—f(20)
e

Z—Z

)
‘ < —an = 2me = 0 Wegan € Lanmnq

f ,f(z,) dl:f f(z)*f(ZnJ+f(Zn)d£
o = Zo & z— 2o

f' f()d ff(),f() f f() L)( fc —l‘ T Zaif (o)
iosnan [ desflesdd zp azvinli | F(z) — f(z )|<s dwmiu g > O
z |z — zg| < & dwiu § > 0 uazdnszndon CWdu |z — =z¢ |—é 9t 14
-inequality
|t}); ”"/’ [z0) o ‘ = :TZNE = 2Zmes = 0 iiesan £ inunng
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gn3latduiinTadmsuaunus
(Cauchy’s Integral Formulas for Derivatives)
* auiigaslaiduiinfananliineafuayius, dwiuilsidu
Aasrent f Tulawu D wuu simply connected @il C 1y

aauviaswuu simple closed fegnneTu D waz Z 1Jugalagh
agneluy C aywusvasanduinsizi [ e Z azwiniu

oy M f(2)
i (z9) = 211 ). 2= zg)" dz
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gmﬂﬂﬁ?@uﬁn%’a (Cauchy’s Integral Formulas)

* fusndimauiias C Junay |z — zo| = r asuy,dudulunugnsiad
aunnsad1usuaywus waz ML-inequality Aty

) n! f(2) n! 1 n!'M
|f (ZO)| o % (z — Zo)n+1 dz [ = 27-[M rn+1 2mr = rn
C

Tnedfl M Aasuiuase 39 [f(2)| < M dusunnaauy C waanaunisiiazgnisanda
. . = a\ ¢ = a A . . )
“Cauchy’s inequality” #99z9n LTun15WgInguiunvasddda (Liouville’s

Theorem) (The only bounded entire functions are constants)
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